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I .  INTRODUCTION

Tlris report presents the findings of the latest of a series of related studies undertaken
by the Local Government Operational Research Unit (LGORU) for tlte Department
of the Environment. These studies have been concerned with investigating the factors
that influence individuals in making mode choice declsions, and witlt deducing from
observations of individuals' choices the values of time implied by their decisions.

This particular study was concerned with the development of methodology to follow
up an insight reported in the previous study (reference 5). This insight was that from
a single observation of mode choice we could derive no more than a single limit on that
individual's value of time. The objectives of this subsequent study were to develop the
methodology further so that times spent in different activities could be valued differently,
and to derive methods of statistical measurement of the validity and accuracy of the
values of time derived. In the event, we found it desirable to make explicit the assump-
tions made concerning the different behaviour of different individuals in similar choice
situations. In so doing it became possible to investigate the variation of time values with-
in the population.

Although the major aim of the study has been the investigation of methodology for value

of time estimates, the models of modal ciroice from which these estimates are derived are
of interest in their own right. In particular, the variation of time values over the popula-

tion suggested by some of the results obtained has important consequences for modal
choice modelling. Some of these are discussed in Appendix 7.

The remainder of this chapter presents first a discussion of the concept of 'value of travel

time'. We then go on to consider the data available for estimation purposes and the limi-
tations that its form and reliability put on those estimslss. Finally, we summarize the

findings of our previous work, which derived a technique called Limiting Time Values,
as a starting point for the investigations of the current study.

The remaining chapters of the report deal first, in Chapter 2, with the forms in which
models of mode choice may be formulated to permit derivation of values of time.
Chapters 3 and 4 specify the model we chose to investigate and the statistical techniques
used for calibration. Chapters 5 and 6 respectively report the computer methodology,
and give examples of some of the tests we performed with it. A final chapter summarizes
our findings and gives recommendations for future work in this area.

1.1 The Concept of the Value of Time

It is common usage to talk about 'spending' time or 'saving' time, and this usage of itself
renders plausible the idea that the speaker has some notion of time as having a value and
being worth preserving. Nevertheless, as Lisco has pointed out (see reference I 5 ), time is
not a commodity in the economic sense;that is, its use cannot be transferred from one
individual to another on payment of a price. Thus any determination of value, or of limits
on value as are given by prices, must necessarily be indirect.

The urgency of deriving values of time comes from the need to evaluate proposals for new
transportation schemes. Typically, such proposals will offer savings in journey times for
individual travellers on the investment of a sum of money by the community. The deter-
mination of whether such an investment is worthwhile requires a means of reducing the
money investment by the community on the one hand and the time savings to individuals
on the other to a common basis.

- l -



I t  is not within the scope of this study to consider the quest ions of equity hat ar ise
when time or money savings of one individual are compared with time or money
savings of another. Our considerations have been restricted to exchanges of time and
money by individual travellers. The values derived are, therefore, to some extent arbi-
trary as to their units. It would be equally possible, for example, to talk of the value
of money in time units, although we in fact follow the conventional practice of ex-
pressing time values in money units.

Apart from the familiarity of expressing time in money units, a further reason for re-
taining this mode of expressing results is that individuals cannot. actuaily gain or lose
time' What we are discussing when we talk of the value of travel time is ihe value indi-
viduals place on a change of activity during the time period considered. That is, we
seek to estimate how much people would be prepared to pay to be able to divert time
spent in travelling to other activities, to be selected by the individual concerned. We
cannot measure the absolute value of time, but merely the marginal value of diverting
it to other activities. This fact has two important consequences for our analysis.

Theifirst is that different individuals, having different alternative activities in mind, may
value time spent travelling very differently even when the travelling activity is the same
(e'g' walking). Economists have often argued that the marginal utility of money to an
individual will vary with his disposable income, and their argument would already lead
us to suspect variations in the money value of time in a population with unequal incomes.
Now we see that variations may be expected even betweerindividuals of the same income.

The other consequence of the fact that we measure only the value of transferring time
from one activity to another is that we can reasonably expect that time spent in dif-
ferent travel activities wilt be differently valued. It has been suggested (e.g. by Stopherl )
that these differences can be approached by psychological measurements of stress, com-
fort, etc., experienced while travelling. The data available to us, however, did not include
measurements of such factors, so that we have taken, for example, 'walking' to be a com-
plete definition of an activity. The stress, etc., experienced by an individual while walking,
and the value he puts on that stress, will be subsumed in what we give as 'the value of
walking t ime'.

1.2 Limitations of the Data

In developing the methodology reported here, we have of course kept in mind the data
available for statistical analysis. The data used in previous studies has commonly been
binary modal choice data, giving details of the mode selected and an alternative for a
number of individuals making their journeys to work. Although this is perhaps the most
useful form of travel data, it does place certain restrictions on the analysis.

First, it is necessary to screen the data to remove from it individuals whose choice is de-
termined by overriding considerations outside the scope of the model. For example,
people who use their cars to get to work because they need to use the car during the day,
or who give lifts to other members of their families, are best excluded because their choices
are not influenced by factors within the model. That is, we define individuals for whom the
model applies to be those with a free choice of modes.

Second' it is necessary to assume that the option of not making the journey is not open
to the individuals about whom we have information.2This assumption is not unreasonable

1
I

2
Personal discussion

Nor do we admit of the possibility that a journey may be made to other destinations or by modesother than those for which we have data 
"
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for journeys to work.

A further limitation is imposed by tlie rnanner in which the data has been collected.

The times and costs of the alternative modes in the data are those stated by indivi-

duals in answer to a questionnaire. They may therefore differ not only from actual

times experienced - because of misperception - but also from the times perceived

by the individuals. An element of justi{ication of the choice made has been suggested

by other workers.l

It is indeed difficult to determine which times - actual, perceived or reported - are

most appropriate. The mode choice decision will not necessarily be directly related

to actual times, which often vary unpredictably from day to day and may, in any

case, be misperceived by travellers. Yet for a future situation it is difficult to predict

anything other than estimates of the actual times. We shall therefore proceed on the

basis that the reported times are the best estimates available of the times actually ex-

perienced.

It is with these reservations and assumptions that we proceed to the analysis of binary

modal choice data. Some of the difficulties are reflected in the wide confidence limits

found for the time values, but others remain. The true limits are, therefore, still wider

particularly in practical applications of values of time.

1.3 Limiting Time Values

The previous LGORU study of the value of time, reported in reference 5, recommended

a specific view of the information content of binary mode choice data. This interpreta-

tion is also fundamental to the present study, and distinguishes LGORU work from that

of most other workers in this field.

In that previous study, we argued that the fact that a traveller chooses one mode in pre-

ference to another gives us a limit on the value he attaches to his time. For example, if

he prefers mode 1 (time t1 , cost c1 ) to mode 2 (ttne t2, cost c2), we can say that

v t1  +  c1  (  v t2  +  c2  (1 )

where v is the individual's marginal value of time. From this inequality it is straight-

forward to derive the limit:
c 2 - e l

v ( r - . - _ T t t  t t )  t 2
. 1  -  L 2

o r  u r? -?  t r
t2  -  t l

Thus time 'spenders' give us an upper limit on their value of time, time 'savers' a lower

limit. By comparison of the two sets of upper and lower limits we can obtain informa-

tion on the way the value of time is distributed among the population.

The limited resources available for the previous study precluded a full exploitation of

this insight. In particular, the study team did not examine fully two aspects of the pro-

blem that were suggested in the conceptual discussion of section l.l

e.g. Heggie in reference 16.
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The first of these aspects is that time spent in different travel activities is expected to
be valued differently. That is, in the inequality (l) we should consider a series of com-
ponents of time, each with its distinct value. Also, as investigated in Appendix 2 to the
previous study, we should include the possibility of a 'bias', or preference for one mode
over the other independent of the travel times or costs. This preference is due to con-
venience of timing, reliability, status or perhaps other factors not included in the data.
With these components, the inequality becomes:

o  *  v l t t t  +  v z t t z  " '  r  v . , t t . ,  *  c l (  v t t z t  + v 2 t 2 2 . . .  * v n t 2 n + c 2

where b is the preference for mode 2 over mode I in money units. It is the calibration
of this generalized model that was the major aim of this study.

The second of these aspects is that different individuals may have different values of
times or modal bias. As we shall see, this possibility colours the whole process of statis-
tical calibration of the models, and constitutes the main departure of this study from
the techniques of its predecessorsl.

In the following chapter we discuss the possible formulations of models for obtaining
estimates of values of time. In this way we can set the models considered in this studv
in the context of other work in this field.

These techniques are further discussed in Appendix 2.

4



2, METHODS OF ANALYSF

The derivation of values of time from observations of mode choice requires us to set

up a model of mode choice in which the value of time figures explicitly. In this chap-

ter we discuss the possible ways in which such models may be and have been set up,

and argue that only models that give an individual's mode choice as a determinate
function of times and costs permit a direct inference of his value of time.

2.1 Empirical Methods and Statistical Models

Given a set of data on individuals' choices between two modes, let us suppose that
there exists a linear function z of measures of time and cost differences with which
the choices are correlated: i.e.

+  o  x  +  " ' +  e r x r
t 2 2

where X,, . . . . . , xrare measures of time and cost differences between the two modes
a n d a ,  , 6 ,  , . . . . , & r  a r e  c o n s t a n t s .

Each set of coefficients (c . e, ) specifies a hyperpl ane (z = 0) that fairly well se-
parates the individuals chobsing one mode from those choosing the other. By selecting
these coefficients to maximize in some way the separation we can find a generalized

cost function associated with mode choice in this data set.

An empirical method is one that simply specifies some reasonable procedure for finding

a hyperplane separating one set of points from the other. For example, in two dimen-

sions the points may be plotted on a graph and a line drawn by eye. Alternatively, some

mathematical criterion of optimal separation may be used, as is done in discriminant

analysis.l None of the criteria of optimality of such methods is derived from an assump-

tion that the times and costs influence the mode chosen; all are simply criteria of 'good'

separation. Although it might be argued on an empirical basis that any set of coefficients
giving a reasonable separation must be near the true set, we are not able to go beyond

this argument for these techniques.

An entirely different and more satisfactory approach is to start with an explicit model

of modal choice:

mode = f (times, costs, other parameters)

in which all the elements of uncertainty are given explicit probabilistic expression. We

can then use the most appropriate method of statistical analysis to estimate the para-

meters of the model. In this way the criteria of optimality are constrained to be those

appropriate to the problem of modal choice, and thus to estimates of values of time.2

Explicit models of this type are of two kinds. The one that has been more commonly
used is for the mode function to be a stochastic function of determinate variables. It

is also possible, however, for the function to be determinate, while some of the varia-

bles over which it is defined are subject to stochastic variation. The distinction between

these two types of model, which we have called probability and explanatory models

respectively, is discussed in the following section.

I

2

Discriminant analysis as a technique for modal split modelling is further discussed in Appendix l.

Once the probability distributions in the model are specified, the precise cr.iterioq of statistical

analysis is not very important. All reasonable methods will give estimates of the parameters well

within the confidence limits for those estimates.
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2.2 Probability Models and Explanatory Models

It is clearly not possible to construct a model that will always predict correctly the
mode chosen by every individual, and consequently any statistical model of mode
choice must contain some stochastic element. We consider two different approaches
to the specification of such a model.l

l. Probability model

This is a model expressed as:

Pr (mode I chosen) = p (costs, times, other parameters)

The model simply specifies the probability of choosing each mode as a function
of the variables believed to influence that choice. Such a model may be very simple
or very complex and could well represent very closely the real situation. Its weak-
ness is that it incorporates no explicit explanation of how the probability function
was arrived at. Apart from the general shape of the function p, the model has no
a priori justification, and therefore the only way a model of this form can be justi-
fied is by comparison of observed and predicted results for very large sets of data.

2. Explanatory model

This is a model in which, for each individual, the mode chosen is specified deter-
minately by a function incorporating time, cost and any other relevant informa-
tion, but in which some of the parameters are assumed to vary from individual to
individual. The exact values of these parameters are not known for any individual,
only that they are drawn from some specified form of probability distribution over
the population.

Such a model is expressed in the form:

m o d e  =  f  : ( q l , x )

where f is a function that, for binary modal choice, may take only two values; x
is the vector of independent variables for each individual, including time and cost
data; and a is the vector of parameters which is distributed over the population.
Typically the mode is determined by the sign of a function representing the dif-
ference in the generalized costs of the two modes.

The advantage of the explanatory type of model over the probability model is in the
direct connection between the individual's valuation of the choices offered to him by
the transport system and his decision. Consequently such models may be examined for
their economic realism, and more sophisticated hypotheses concerning individual deci-
sion-making may readily be introduced. These points will be illustrated below.

However, in analysing an explanatory model - that is, in deriving estimates of the para-
meters of the various distributions - we no longer require the original form. All that is
necessary is to derive from the original form a statement of the probability of choosing
one mode or the other. The probability arises, of course, not because the choice for the
individual is random, but because the analyst is unable to observe directly the values
that the individual has of the stochastic variables in the mode choice function.

These are described by stopher (reference 14) as'Exact Utility' and 'Random utility'
respectively.
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Thus there is a close connection between explanatory models and probability models,
in that explanatory models must be rewritten for analytic purposes as probability
statements. The conversion in that direction is always possible. The conversion from
probability models to explanatory models is also usually possible (by somewhat arti-
ficial processes), so that the two types of statement are mathematically indistinguish-
able. We shall, however, continue to use the explanatory form as the basic statement of
a model, for three reasons.

First, the existence of the explanatory form enables unequivocal deductions of the
meaning of parameters. For example, consider an explanatory model of mode choice:

where c .,
l r

t
c

3 r

mode =  s ign  ( * r ,  c  +  a r l  t )

is the preference for one mode by individual i;
is the cost difference between the two modes for his journey;

is the time difference;
is a parameter for individual i whose meaning we wish to interpret.

The parameters o, . and a, . are distributed over the population. The parameter o, 
i hoy

be seen to be the value of time for individual i. For, if his choice is such that o, 
i+ c + au 

J= 0, then he is indifferent between the modes. If the time difference changes by one
unit, then the cost difference must change by cr.units to make him once more indifferent.
That is, he is prepared to pay precisely c" . units of money to save one unit of time -

by definition his value of time. On the othbr hand, the equivalent probability model:

P r {  m o d e  -  1 }  =  @  {  l ( u ,  * c + a r t ) }

where @ is some s-shaped function;
tr is a non-zero constant;

gives no such ready explanation. An analogous argument to that given above merely
shows that an exchange of a, units of money for one unit of time will retain the same
probability of choosing mode I . Any interpretation in terms of value of time requires
arguments involving distributions over the population - implicitly returning to the ex-
planatory form.

Second, it is much easier to introduce more sophisticated assumptions concerning indi-
vidual behaviour to the explanatory form. For example, suppose we have an explanatory
model:

m o d e  =  s i g n  ( o r i * t i + . . . . * o ' i x n i )

where the xr. are the time and cost measures facing individual i;
a 

I . are his valuations of those time and cost measures.

If we wish to investigate the hypothesis that the valuations c..vary multivariate nor-
mally with means a. and covariance matrix E, it is simple to derive the probability
statement:

P r { m o d e . =  1 }  =  N ( _ a ' x . ( x ' , z 4 r i % )

giving the probability of individual i choosing mode 1. It would, we suggest, be difficult
to derive this probability statement by other means and still obtain a clear understanding
of the meaning, for example, of ).

Finally, we use explanatory models because of the arguments of Harris and Tanner (refe-
rence 8), which show that the curve-fitting approach of probability models can (in some
cases) lead to inconsistencies when using demand models for consumer surplus evaluation.

*7-



fior tltc above reasons we decided to use, in the 2-mode situations under considera-
t ion, models of the torm

mode = sign (f(times, costs, other parameters)).

We now turn to consideration of the possible forms of the deterministic function f.

2.3 Functional Forms of Explanatory Models

In the previous sections we argued for the use of a model of the form:

mode = sign (f(times, costs, other parameters)).

In choosing the forms of f to be investigated there is a large amount of freedom, limited
only by the amount of information contained in the data. Some restrictions, however, can
be valuable.

First, we are aiming principally to derive values of time for use in economic analysis. It
would be totally inconsistent with such analysis to permit behaviour to be predicted on
the basis of nonlinear valuation of money by an individual. Consequently we may take
f as being linear in costs, although the constant of linearity may vary for different indivi-
duals.

Second, as the only observed information we have concerning f is its sign for each indivi-
dual, the units in which it is expressed are arbitrary. Consequently we may divide by the
constant money value discussed in the previous paragraph and obtain:

mode = sign (cost difference * f(times, other parameters)).

Third, as the data available to us contains no information concerning journey parameters
other than times and cost, it is inevitable that we take all these other parameters together
as one overall preference, other things being equal, for one mode over the other. This
preference, compounded of status, attitude, convenience of timing, reliability and many
other factors difficult to measure and not related to times is often summarily termed a
bias. The values of all time-dependent preferences are subsumed in the time values. Thus,
we reduce the model to:

mode = sign (bias + cost differences * f(times)).

Finally, we shall consider in detail only formulations of f linear in times. Other formu-
lations may easily be evaluated with the methodology we have developed. For example,
an investigation of whether the value of time savings is considered proportional to the
time saved- would require a non-linear formulation. (This possibility is discussed in
Appendix 6.) More complicated functions, however, would require more data for their
analysis, and as we shall see, the simple models actually considered stretch the data
available well beyond its limits of reliability.

-8-



3. LINEAR BIMODAL MODELS

ln the previous chapter we presented arguments for the specification of models of

mode choice in a specifically explanatory form. In this chapter we go on to specify
more precisely the models we propose to investigate and to discuss the range of alter-
native hypotheses that can be evaluated by the calibration of these models.

3.1 Specification of Bimodal Model

We define a general class of linear explanatory models for bimodal choice as follows.
Each individual chooses his mode according to the sign of a linear function:

+  0  X  + . . . . . .  + c X
|  2  2  r t

where X^ , . . xr are functions of the times and costs, and possibly other deter-

minants,influencing fhe modal choice. The coefficients a are weights, in general

distributed over the population. In particular the coefficient a, may be regarded as

a modal bias, or handicap. (It might, of course, be specified to be zero.) For ease of

expression, we introduce a dummy variable xl , to be identically one, and write

mode = sign (q'x)

Typically x2 may be the money cost difference between the two modes, and

X - , .  . . . . ,  X ,  m a y b e  d i f f e r e n c e s b e t w e e n t h e  m o d e s o f  e a c h o f  t h e p o s s i b l e c o m -
p6nents of jotirney time (for example, waiting time, walking time, 'in-bus'time and
'in-car' time). But x^ . . , X, are in no way restricted by the structure of the

model to be such [n6ar functions bf ttre times and costs. We might, for instance, put

* r= t t , l  -  t t l

where t1, 1 and t1^ lare the waiting times for the two modes. Thus we would be

hypotheii2ing tna'f waiting time was valued according to its square. Alternatively we

might put

* .  =  ( t ( , )  - t ( r ) ) '

where t1,1 and t1^1 are as before. Such a hypothesis might arise if we believed that

the saviii'in any E6mponent of time was the critical factor, and that such a saving was

valued non-linearly.

The linear bimodal model may be interpreted as hypothesizing that each individual

forms a generalized cost difference between the modes by taking a weighted sum of

the various components which have the nature of a cost or penalty. He then chooses

the mode for which the generalized cost relative to the other mode is negative. The

values of the weights used, including the bias, may vary from individual to individual.

so that individuals with identical explanatory data may nevertheless choose different

modes. Any specific model will always incorporate hypotheses about the distributions

of those weights over the population, for otherwise inference would be impossible'

Usually x will be of the form I_(,)_-.I(r) .*h.t. I(,).utd IG) ut" vectors of data

for each mode. In this case the m'odel ilh be expresbbd as

mode = sign (g'I(,) - g'I(r) )

-9-



Thus it is hypothesized that each individual forms (normally subjectively) a genera-

lized cost for each mode, and then simply chooses the mode with the lesser generalized

cost. (Such a model formulation has the considerable attraction that it generalizes im-
mediately to the multi-modal choice situation, without the usual logical contradictions
that are implicit in most multi-choice models, which become evident when two of tlie

choices are very similar to one another. Such generalizations are discussed in Appendix

7 . )

Whenever a component of time is represented in the generalized cost simply by

* j = t ( , )  -  t ( r )

where t1, 1 and t1^ 1 are the durations of that component in the two modes, then the

coefficie'rit a. ma!'always be interpreted directly as the generalized cost weight for time

spent in that hctivity. The fact that an individual has been observed to choose a particu-

lar mode enables us to derive a limit on the collective values that his weights q may take.

Thus our model is a generalization of the Limiting Time Valub model proposed in the earlier

LGORU study.

For more formal statistical analysis, we need to derive from the model a statement of

the probability of each individual choosing the mode observed. This requires an explicit

assumption about the distribution of a over the population; we shall turn to this con-

sideration later in this chapter.

The model specified contains an excess degfee of freedom: if any vector of coefficients

o explains an individual's modal choice for all vectors of costs and times x, then so

does the vector tra for any L)0. In other words, we have not specified the units of

generalized cost for that individual. Further, we may choose a different positive multi-

plier ).. for each individual i without changing the model. Thus we are not able to

compare one person's generalized cost with another's, unless we actually specify some

normalization. We could, for instance, agree that the generalized cost valuation of money

would be unity for all individuals, so that the units of generalized cost would be pence

or pounds. Alternatively we could apply a scale factor ).. to each individual so that his

value of waiting time, say, became unity. The value of hi3 generalized cost would then

be the number of 'waiting minutes' to which he would attach the same disutility.

It is important to note that any inequality existing between two individuals'genera-

lized costs on one such scaling may well be reversed when a different scaling is adopted.

Because of this excess degree of freedom, any individual i, with a specified vector x.

of costs and times, has a probability of choosing either mode determined by the distri-

bution of the ratio

: . . . . . .

and independent of all but the sign of any overall multiplier tr, that determines the

maglitude of the components of o for that individual. Thus airy particular model is

given entirely - both conceptually and statistically - by the specification of the dis-

tribution of this ratio.

In order to calibrate the model a family F of such distributions is specified, and the

individual member that gives the best fit to the observed data is then chosen. The

specification of the magnitude of each e then corresponds to defining the units of

generalized cost for the corresponding individual. It is natural to do this by defining

- 1 0 -



one of the components of o to be identically one; for example, to hold a. to be one
is to define the units of generalized cost to be those of money.

The specification of the required family F is achieved in practice by specifying a family
F* ofjoint distributions of the entire vector (q., . . a,) such that Fx generates

F. For any F there are many such families F* 
'and 

the choibe of any one of them im-
plicitly defines units of generalized cost for each individual. Consequently it is plausible

to choose the farnily F* so that the implied generalized cost units are those in which
we would finally wish to present our results. However, this choice is not necessary, and
a different family F* may have a much simpler analytical representation. Alternatively,
careful consideration of the choice of F* may enable us to specify a more general

family F of ratio distributions than might at first seem possible.

As an example, consider the family F* of multivariatsnormal distributions in the co-
efficient CI in which all t]ne coefficients are allowed to have a non-zero variance. The
g e n e r a t e d  f a m i l y  F  o f  d i s t r i b u t i o n s i n t h e  r a t i o s  ( q . . /  q ^ , a - /  a ^ , . .  . .  . . , a . / a ^ )  -

representing values of bias and time in money units'- in'ctudes tlarge class o^f sk6wed
distributions, and has more degrees of freedom than the simple family of normal distri-
butions that would have resulted if the variance of the money coefficient c, had been
held to be zero. Thus from a simple family F* of joint distributions of a rie are able
by this device to specify in particular a wide class of possible distributions in the values

of time ot^/ q.^ . , u./ a^ from which the estimation procedure may choose.
Although the Same task cbuld in theory have been achieved (more naturally) with o

constant this would have been analytically very much more complex.

3.2 Choice of Distributions for Analysis

It was stated in section 3.1 that the linear bimodal model specified there can, by suitable

definition of the independent vector variable x, be used to test a wide range of hypothe-

ses involving non-linear valuations of time and money.

We now restrict consideration to strictly linear hypotheses and consider the model:

mode = sign (e l)

is identically one,
is the cost difference between modes,
is the time difference between the modes for the (i-2)th activity involved,

e.g. waiting, walking,
* = (or . ., or) is a vector of weighti with a distribution over the population.

In order to analyse this model it is necessary to make explicit assumptions about the dis-

tribution of the parameter, cr. Clearly a wide range of possibilities is open, and here we

indicate a few of the hypotheses that may be examined by appropriate choices of dis-

tribution.

I f w e a s s u m e t h a t  a  . . . . o - h a v e c o n s t a n t v a l u e s  a  . . . . a r o v e r t h e p o p u l a t i o n , t h e n
the variations in individual ctioices are determined by2the distkbution taken for the bias

c, . Three cases are worth noting:

L The bias c, is distributed about its mean a, according to the logit distribution:

P r { c , (  * }  =  P ( x - a , )

where Q is the logit function given by:

where x
I

x
a

x .
J
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2.

o ( t ) = . ,  IY \ ' /  I  + exp (- t)

In this case we can easily derive the probability function of the model as:

P r { m o d e  =  I  }  
= P r { "  x  >  0 }

]  

t t { o ,  ,  - ( d z * ,  * .  .  .  + a , x , ) }

l - @ ( - ( a ,  t  u r , * r + . . .  + a r x r ) )

=  0 ( q , x )

using the symmetry of the logit function. That is, the simple logit probability
model is a special case of the model we have defined.

Similarly, if the bias is distributed with the normal distribution:

P r { a ,  (  "  }  
=  N ( x - a , )

where N is the cumulative normal distribution:

N (t; = +- f 
' exp (-%u2) du.! zn J-s

then we should similarly find that the probability function

P r { m o d e  -  l }  =  N ( o ' x )

showed the simple probit model also to be a special case of our model.

Finally, if we choose a rather artificial distribution in the bias (see Appendix 2)
we can also show that the Limiting Time Values model proposed by the previous
LGORU study is a third special case of this model.

These special cases give a base line against which our current more general investigations
may be evaluated.

In this study, howevef, we wish to investigate the more general assumption that the
weiehts a . . . e do vary between different individuals. We shall assume the variation
to b-e mulfrvariatJ-normai (subject to the approximation discussed in the next chapter).

This is not because we believe the actual distribution of the weights to have precisely

this form, but because many actual distributions can be approximated in this way (as

explained in section 3.1).

More complicated distributions may, of course, be specified, but, as we shall see, the

data sets currently available are not large enough to define accurately two parameters

of the distribution of a particular weight. Investigation of distributions requiring more
parameters would require much more copious data. Finally, tire multivariate-normal
distribution enables us to derive simply the probability statement for the model. It can

be shown that no other distribution has this property.

3.
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We have in this chapter specified the class of linear bimodal models that we propose

to investigate in the remainder of this report. The next chapter describes the metho-

dology of the maximum likelihood procedure that we developed for calibrating the

model and the statistics that are generated for assessing the calibration. Chapter 5
gives a broad outline of the computer programs that were written to carry out these

analyses. These chapters are of a technical nature, and the non-specialist may prefer

to turn to Chapter 6, where the results of tests of the model arerdssstl6.6.
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4. CALIBRATION OF THE MODEL

Tltis chapter antl Chapter 5 deal with statistical matter that may prove difficult for

the non-specialist. These chapters are not essential to an understanding of the remain'

der of the report.

In this chapter we turn our attention to appropriate methods of calibration of the

[near bimodal model presented in Chapter 3. This model represents mode choice by:

mode = sign (o Ii)
( 1 )

where a is distributed over the population with the multivariate-normal distribittion

such that

E ( c ) = a (2)

r  { t e - a X a - u l }  
=  "  ( 3 )

and our problem is to estimate (g > ).

As remarked in section 2.2, the statistical analysis of any mode choice model requires

only a statement specifying the probability of an individual choosing a given mode under

any circumstances. (In an explanatory model of the type we are considering the proba-

bility arises because we do not postulate the exact values of each individual's parameters')

With the above distribution of a the generalized cost difference q'x. has mean a'x and

variance "'>l.Thus if we label the two modes 0 and I such that a'x is the generalized

cost of mode 0 less that of mode 1, we have

/  n t u  \

pr{ mode I chosen} = *(ffir) (4)

where N

exp (-%uz ) du. (s)

lf 2 were known, the transformation

is the integrated normal function

N(t) = J-: I
{ 2tr J-a

r. = &t,
would leave us with no greater a problem than that of simple multivariate probit analvsis'

Since X is not known, a possible approach to its estimation is to find the value $ oi

E that, when the transformation (6) is made and the resulting probit model analysed'

gives the best fit, by some previously defined criterion, to the observed results'

It is, however, arguable that, for any value of l, the estimate of the parameter a in the

multivariatenormal model is excessively sensitive to the presence of outliers in the data

set - individuals with very low-probability behaviour. For this reason it is desirable to

modify the tail of the normal distribution represented by equation (5) so as to reduce

this sensitivity. This is almost ideally achieved by replacing the probit function (5) by

an appropriate logit function. Appendix 3 discusses this problem in detail.

In this chapter we discuss this logit approximation to the likelihood function, and then

go on to present the methodology deve,lsps6 for estimating the parameters of the model

and for assessing the accuracy of these estimates'

(6)
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4.1 Logit Modification to the Likelihood Function

If we substitute a logistic distribution of the same mean and variance for the normal
used in equation (4) the probability statement then becomes

pr{mode 1 chosen}= o(*  
#* . )

(7)

where @ is the logistic distribution function:

Q Q )  =  ,  , t  ( 8 )
I + exp(-z)

(The factor nl',/3 reflects the fact that @ is the cumulative distribution function of
a random variable with varian ce rzl3 .)

Provided there are no, or very few, outliers in the data set the closeness of the cumula-
tive logistic and cumulative normal distributions implies that, for any given value of r,
the values of a estimated by using (4) and by using (7) should be very close to one
another, and that, even more importantly, the ratios of the coefficients of the two esti-
mates should be almost identical. The latter result follows from noting that the ratios
of any estimate made by using the logistic approximation are independent of the exact
factor used to normalize the logit function to the probit. We have chosen the scaling
factor n lt/ 3 because (7 ) then implies that the variance of the generalized cost difference

g'l is x'>x. When outliers are present in the data set we believe that the logit modifica-
tion will lead to better estimates of a . (See Appendix 3.) However, there is no under-
lying distribution of the vector a which is independent of x that leads to an expression
of the form (7) for all t, "*."pt in the circumriun." where, effectively, only one com-
ponent of a varies over the population. In other words, there is no simple explanatory
model in the class of linear bimodal models defined in Chapter 3 that leads to a proba-
bility statement of the form (7), except in cases of very simple hypotheses about the
form of >'l A, we are specifically interested in an explanatory model of modal choice
in which the explanation is provided by distributions in the values of time and bias, we
must, in general, continue to regard (7) as a close approximation to (4).

A particular instance in which (7) does correspond to an exact explanatory model of the
type under consideration occurs when we assume the generalized cost weights, and hence
the values of time to be all constant except for the bias, which is to have a logistic distribu-
tion of varian ce o2 . Then we have exactlv

Pr{mode I chosen}= O{-+ 
q r} (e)' 

t6,/3 t
which is a simple instance of (7) capable of full analysis by any simple logit routine. Another
hypothesis for which (7) would be exact is that only the component of time weights
Q3, ' ' . otrvary, all perfectly correlated, with a logistic distribution. We have no wish, how-
ever, to make such specific hypotheses about the distribution of the generalized cost weights,
and prefer instead to consider our multivariate normal model which, as we have seen, incor-
porates a wide range of possible distributions of values of time and bias.
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Before estimating the parameters (a, x) in either (4) or (7) it would be useful to have

a statement of the cl imension of the parameter space. I f  the dimension of a is r ,  then
t/zr(r+l) is the climension of the space of possible covariance matrices X, so that at

first sight there appear to be r/zr(r+3) degrees of freedom in our parameters. We have

noted, though, that for all positive \, (tra ' tr2 2) specifies exactly the same model, so

that there are in fact at most %r(r+3) - 1 degrees of freedom. Further it can be shown

that if, for any model

pr{ mode I chosen }= r(d;, ( 1 0 )

( l  l )

where f  isaone-onefunct ionand(q,E) and (a*,X*) givethesamevaluesof f  for

all x, then

(a1>*)  = ( t r  a ,  t r  x )

for some I)0. This result remains true even when one component of the vector x

is a dummy variable always held constant - in our model we have x, identically equal

to one. Hence the number of degrees of freedom in the parameters oI our statistical

model is exactly /zr(r+3) - l.

For the purposes of all statistical inference about the parameters (g,X ) we now take (7)

to be exact, and in the next section look at methods of estimating these parameters.

4.2 Choice of Method of Estimation

Our problem is now the purely statistical one of estimating, for any given data set, the

parameters (a ,E ) in the relationship

Pr{mode I chosen}= oG ,J_U
We solve this problem in two stages. First, we find the best estimate e(t) of a for a

fixed known covariance matrix E. Second, we find the value i of 5 such that ttt$ l,9l
gives the best explanation of the data'

For a fixed I the problem of determininC A (t ) may be reduced to logit analysis by

the transformation

x
- - t

(x 'Zx)n

which reduces (7) to

Pr { mode I chosen}= 0 (dI) (13)

We therefore consider the best estimation technique for logit analysis.

Tl1ere are two main approaches: maximum likelihood estimation; and least squares

estimation. The maximum likelihood estimate A of q is given by solving the vector

equation

(7)

1l

\/3
x (r2)

P , r i Y ' =?, o, @(4.'xi)

where x. is the independent vector variable for the ith individual
- l

v. . zero or one, denotes the mode chosen.
' t '

-17 -
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On the other hand, the least squares estimate i is obtained by minimizing tlie expression

where

and where the fixed weights

- t

w. (v .  -  O . ) '
l ' -  I  l '

=  @(a '  x .  )- - l

w. must finally satisfy the relation

_ _  I

0, rr$,l

n
t
i=  I

6' l

(  l 5 )

(  l 6 )

w.
I

(  l 7 )

(20)

(2t)

Both the estimators A and a are asymptotically multivariate-normally distributed
about the true value a, in both cases with the same asymptotic covariance matrix V
defined bv

V = I - l

i . .  = E l
J K {

a'GogL) I
aq aa- i

(  1 8 )

( l e )where
0a.  0a*

and where L is the likelihood function. Commonly, I is referred to as the information
matrix, and V is the minimum-variance bound, so that both estimators are also asymp-
totically efficient. In other words, as the number of observations increase, the variation
of either estimator about the true value a tends to zero as fast as is possible consistent
with the fact that any stochastically generated sample contains a maximum amount of
information about the parameters of the underlying distribution.

Thus there is little to choose between the two methods of estimation, at least for large
samples, and in all cases the two methods would give answers much closer to each other
than the width of the confidence limits involved. There are, however, some slight theore-
tical grounds for preferring the maximum likelihood estimate A. In particular it is a one-
one function of the sufficient statistic

i  x . v .
i = l  

- l  - l

for the parameters a, and hence contains all the information about a inherent in the
original sample. The maximum likelihood estimate is to be preferred on practical grounds
also. The solution of equation (14) presents a simpler problem from a numerical analysis
point of view than the minimization of the expression ( 15) in which the weights w. are
not known in advance.

Methods exist for finding approximate solutions for both the above estimates when the
observations may be collected into groups such that all those in each group have the
same independent vector variable x. These are, respectively, the empirical logistic trans-
form and the method of minimum logit chi-squared.l However, neither of these methods
is available for the analysis of value of time data, as the approximation relies on a large
number of individuals in each group, while our data is specifically individual with no pos-
sibility of creating more than an occasional group with even two individuals. The use of
either method would produce totally unreliable results.

Our method of estimation is therefore the formal solution of the maximum likelihood
equat ions (14).

I Then, provided all the groups are sufficiently large, we may make the linear approximation

il,':l";l(t$x'�i i4)
and where Y; is now t.he proportion of individuals in the group choosing mode 1. This approximation
may be used 1_o provide an empirical method either of solving the equation (14) or of minimizing the
expression (l 5).
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Our second problem is the estimation of X. Again our choice is basically between a
maximum likelihood and a least squares approach. In either case we vary the parameter

) attempting to find that value that, under the transformation (12). yields the logit

model providing optimal explanation of our observations. It seems sensible to choose

the same criterion of optimal explanation as that used within the logit model itself, and

consequently we again choose maximum likelihood estimation. (Once more we would
expect the results produced by either method to be much closer to each other than the

width of the confidence limits involved.)

Our overall calibration procedure is therefore the determination of the maximum like-

l ihood est imates t t ,$ l -  of  (a ,  >).1

4.3 Derivation of Confidence Limits

Having chosen the method of estimation we continue the consideration of the relation

(7)

by examining the problem of deriving confidence limits for the value of the vector a .

First, however, we should distinguish clearly the two types of variation that have so far

arisen in consideration of the generalized cost weights. Our basic multivariate-normal
linear model postulates that each individual chooses his mode in accordance with the

sign of a personal general2ed cost difference q'x. The value of a varies from individual

to individual and we write

pr{mode 1 chosen}= 
4* -g?)

E(e)  = a

cov (a) = 2

(2)
(3)

This variation in a is postulated actually to exist, and is in no way a reflection of the

finiteness of the available data from which it may be determined. Indeed as we acquire

more data we should be able to determine the exact degree of this variation, as mea-

sured by 2, more accurately. The second type of variation arises in the estimation of

the mean weiglrt q. Because we have only a finite amount of data we cannot determine

a exactly, but estimate it first by deriving a 'best' estimate ii, and second by deriving

confidence limits for the true value of a. As we acquire more data both the variation of

A about a and the width of the confidence limits decrease, and indeed become arbi-

trarily small for a sufficiently large quantity of data.

Confidence limits are concerned with this second type of variation - that inherent in

estimation - and provide a basic measure of the amount of information contained in a

data set.

When deriving confidence limits for the mean weights in our model it is necessary to

make three basic assumptions . Where these do not hold, the true limits will be wider than

those quoted. The assumptions are:

If instead of approximating (a) bV Q) we were to carry out direct statistical analysis based on

the probit function (4), the same basic approach would be appropriate, probit analysis being used

instead of logit. The relative merits of maximum likelihood and least squares estimation would be

very much as discussed. On large samples they would be equally good, both being asymptotically

efficient, and would produce virtually identical answers; and we would again adopt the same cri-

terion of estimation for E as was chosen for a .

l 9 -



l. That the relation (7) is an exact statement of the truth - whereas
it is in fact only a reasonable model;

2. That our observations are entirely free from experimental error;

3. That our maximum likelihood estimate $ of > is the true value of t.

The first two assumptions are always made in the derivation of confidence limits for the
parameters of any statistical model, though the inaccuracy arising from making the second
assumption may sometimes be countered by including in the statistical model itself terms
describing the distributions of the experimental errors. The third assumption is made so as
to obtain an analytically manageable problem.

To express these assumptions analytically, we make the transformation:

* { c  n  X 

 

- 
A <tTryt'

for each independent variable x in our data set - which is simply the transformation
(12) with 2 replaced by its best estimate l - then the relation (7) becomes

pr  
{  mode I  chosen}= 0{d l - }

where, as always, @ is the logit function

:Ah)  =  I
I + exp(-z)

(22)

(23)

(8)

The three assumptions are equivalent to saying that the equation (23) specifies the true
probabilities of the recorded observations for some vector a . On this basis we consider
the derivation of confidence limits for that a . The limits thus obtained will therefore
be narrower, perhaps considerably narrower, than the true limits. It is difficult to assess
the impact of the first two assumptions, though we might do something about the third
by examining how fast the likelihood function falls away from its maximum as the value
of E deviates from 9. Ho*"u"r, this is a case of considering the errors in our estimates
of errors, and as such is beyond the resources of this study.

The transformation (22) rcduces our problem to that of deriving confidence limits for
the parameter a of the simple logit model (23). In addition, the model hypothesizes the
ra t io  a . /ao  tobetheva lueof  t imefor theappropr ia te  j  and k .  I f  wemustp ickas ing le
value to represent this distribution, the ratio of the means a,/a,- has the best claim, for
reasons given in Appendix 4. We therefore wish to derive "oJifid.n"" limits for this ratio.

The first derivation - that for the parameter a - is relatively simple provided we have
enough data available to be able to make use of the asymptotic distribution of the maxi-
mum likelihood estimate A of a about the true value. This distribution is multivariate-
normal with density function

f(a,A;=-J_,^- ,expl-yr(L- a ) 'v-r (t - q)l e4)
( 2 r \ t 2  l Y l  \  -

where the covariance mdtrix V is the inverse of the information matrix I defined bv

i  =  o J _ - a ' ( t o e l ) l' j k  " i  
0 a , 0 a *  |

n
- s

t r l
*f  * I  0 ( l  -0i)

-20-
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Using this asymptotic distribution, confidence limits for a may easily be derived in
the manner usual when estimates have a multivariate-normal distribution, provided
we replace Qrin(25) by 0t.The validity of making this substitution, and indeed of
using the asymptotic distribution at all, must of course be verified for each data set,
and we describe later in this section one practical way of performing both these vali-
dations simultaneously. For the present we simply remark that both approximations
appear to be reasonably justified for those data sets that are sufficiently large to make
practical inference about the value of time.

When we turn to the second problem, deriving confidence limits for a ratio a,/a,
we cannot assume that the ratio A/4,. is normally distributed about the true ialiie
a,la,,. - this is in general decidedlyJnbt the case. Indeed the multivariatenormal distri-
t'ution of A about a implies that the distribution of (A./4,. - a,f a,)is skewed and
that the uuriou, parimeters describing it are dependent dn 6otnr a,)an and ao. This
intrusion of the nuisance parameter au makes confidence limits, ds defined in the tradi-
tional way, difficult in concept, technically virtually impossible to derive, and liable to
be misleading in interpretation.

We therefore tackle the development of limits for a,f a,- by the alternative Bayesian approach,
which requires the specification of some prior distri6uiion of the vector a before the
analysis of the data. (Although the merit or otherwise of this alternative approach to
almost the entire field of statistics is still a matter of debate among statisticians, it is
generally agreed that neither approach, correctly applied, will lead to inaccurate results.)
In this case we take as our prior distribution a uniform distribution of a throughout R',
and modify this in the light of our experimental results to provide a posterior distribution
of a and hence of a,|4, from which confidence limits of any desired level may imme-
diaGly be obtained. t'o herive the posterior distribution of a we require a likelihood
function for our observations and we make use of the asymptotic result

L cc expl - ' / r (u  -A) '  V- t  (q-  { ) } (26)

where. as before. V is the inverse of the information matrix defined in (18). (The func-

tion L specifies how the probability of having obtained our fixed set of observations
varies as the parameter a varies. Again V is strictly a fu_nction V(a ) of a, but, as

before, we approximate it by using the fixed value V(a).l 
-

It is necessary to verify that the likelihood function obtained by using the asymptotic
result (26) and approximating V(a ) bV V(A ) is sufficiently close to the true likeli-
hood function for our particular data set. Because of the close relation between the re-

sults (24) and (26) this verification will simultaneously establish the validity of the simi-

lar approximation of the distribution of A around a in the traditional approach.

One simple procedure is to use (26) and the approximation to V to compute a series of

values of a for which log L should lie a certain specified amount, typically /2,1 ot 2,

below the maximum given OV t.The true drops in the log-likelihood are then calculated

directly from the relation (23)and the observed data, enabling predicted and actual re-

sults to be compared. The execution of this procedure for two or three specified devia-

tions in log L is normally sufficient to establish whether the likelihood function L may

be approximated as described. If it can, and assuming our uniform prior distribution, the
posterior distribution of a is multivariate-normal with covariance matrix V, and it is
possible to derive an explicit analytical expression for the density function of the posterior

It is worth noting at this point that if we use thaBay4ian approach to derive confidence limits

for the parameters a itself, then using the same uniform prior distribution and the approxi-

mation to the likelihood function outlined above, we obtain exactly the same limits as those
produced by the more traditional approach when the asymptotic result (24) is used with its

corresponding approximation to V. 
") 1 _



distribution of any ratio a,/a,. Tabulation of the distribution function then provides

a method of directly readiilg bff confidence limits at any desired level.

To obtain confidence limits, including say, 90 per cent of the posterior distribution, we

remove the lower 5 per cent and the upper 5 per cent from the cumulative distribution

function of a.la.. The limits obtained are not, of course, symmetric about the ratio

l.li. ofttre niaxlmum likelihood estimates, but extend considerably further above it

tfiu,{ Uetow. Any other result would be self-contradictory, for confidence limits for

ar/a* when inverted, must also be confidence limits for 1/ar.

4.4 Use of Significance Tests

In this section we derive significance tests for the parameters of the model and show

how the results of such tests may also be interpreted as providing measures of goodness-

of-fit of the model itself.

Suppose that a statistical model has a parameter space O = 
{ q} of dimension p, and

that O* is a subspace of @ of dimension q < p. For {Bivenddta set x, let  the maxi-

mum likelihood estimates within each space be d and fi* respectively. If L(xO) is the

likelihood function define the likelihood ratio

r(* , [*)
tE -,-d )

Then, provided certain regularity conditions concerning the asymptotic properties of

maximum likelihood estimates are satisfied, if the true value of the parameter 0 lies

within the subspacs @*, the statistic

- 2log e

is asymptotically distributed as chi-squared with p - q degrees of freedom.

This result may be used to test the significance of improvements obtained in the value

of the likelihood function by increasing the dimension (number of degrees of freedom)

in the space of parameters ig,:) of the relationship (7)1.

In addition the results of these significance tests may be seen as measures of improvement

in the goodness-of-fit of the relationship (7), and therefore as measures of goodnessof-

fit for our basic model.

Normal goodness-of-fit measures are difficult to devise for any binary model in which we

have only one observation for each value of the independent variable. (This is for purely

analytical reasons, as the amount of information available in the data set is determined

by the overall number of observations.) The normal chi-squared test, for example. is in-

appropriate. Further, even if an appropriate test were devised, there could be difficulties

It should be remembered that while the achievement of a significant result on increasing the

dimension of the parameter space strongly suggests the necessity of the more complex model,

we may not infer from a non-significant result that the more complex model is nol necessary -

it may simply be that we do not have the data available to distinguish the two models. In

this case we must either suspend judgement to await more data, or else turn our attention to a

detailed examination of the confidence limits involved.

[ ( x )  = (27)
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in the interpretation of the results, for we do not wish to test whether the rnodel
exactly fits the observations (apart from anything else these are subject to experimen-
tal error), but only whether it represents an adequate statement of the truth for the
purposes of inference about modal choice or the value of time. What we really want
to know, therefore, is how much better the explanation produced by the model is
than that produced by a simpler model, or indeed by a purely random 'explanation'.

In the specific case of logit modal choice models of the form (7), we may regard the
purely random explanation as being the degenerate case where all the components of
X are zero except for o ,1 (which is identically one) and where all the components of
a are also zero. In this case the dimension of the parameter space is zero.

Introduction of the model corresponds to increasing the dimension of the parameter
space from zero; and making the model more sophisticated (e.g.by allowing X to vary
so that we no longer have the simple logit model) corresponds to widening the parameter
space still further. We wish to know whether, as the parameters a or 2 are allowed to
vary to their optimal values for a given data set, we achieve a genuinely better explanation
of this data. The introduction and optimal estimation of any new parameter will of course
always give a better likelihood, but we may use significance tests in the manner already
outlined to see if the new model gives a truly improved fit.
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5. DESIGN OF A COMPUTER PROGRAM

This chapter deals with topics in statistics and numerical analysis tltat may prove dif-

ficult for the non-specialist. It is not essential to an understanding of the remainder
of the report.

ln this chapter we outline the methods that were used in this study to apply the cali-
bration techniques described in Chapter 4 to actual modal split data. This was done by
writing a FORTRAN IV program for an IBM 37Oll45 machine.

5.1 General Approach

The multivariate-normal linear explanatory model introduced in section 3.3 can be
entirely represented, for the purposes of statistical analysis, by the probability state-
ment

/  o ' -  \

Pr {mode I  chosen}= n {#. , 'Z}  ( l )'  
\ ( l ' t* t '7

where N is the integrated normal function defined by

(2)

In Chapter 4 we argued that the calibration of the model, i.e. the estimation of a
and x, could be carried out with minimal loss of accuracy by replacing (l) with the
alternative probability statement

t  f z
N(z) = +- I "*p(-r/zt2) du

\/ lxT J- a

P r { m o d e  I  c h o s e n } =
a'x \

I

(tz,ok I
(3)

where I is the integrated logistic function

Q ( z ) = l - * G )  ( o )

In particular any differences in the estimates of a and X resulting from the use of
(3) instead of (1), would be very much less than the width of the confidence limits
inherent in any data set ever likely to be available. We also argued that there were

theoretical and practical grounds for choosing maximum likelihood estimates of the
parameters (q,>) of the relation (3).

A computer program was written to derive these estimates from actual data sets and,

further, to obtain the confidence limits and measures of significance as specified in

Chapter 4. The program finds maximum likelihood estimates (A ,S ) of (a ,) ) where

the components of time in the independent variable x (defined in section 3.3) may

be either:

l .  total  t ime:
2. excess time and in-vehicle time;
3. walking time, waiting time and in-vehicle time;
4. walking time, waiting time, mode 0 in-vehicle time, and mode I in-vehicle time,

(e.g. in-bus t ime and i t r-car t ime).

The maximum likelihood estimate I is chosen from within a specified space S of
possible covariance matrices. A large variety of different spaces may be specified -
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corrcsponding to hypotheses of differing degrees of generality - from the degenerate
space in which S contains the one matr ix:

2 r r  -  l , t o =  O o t h e r w i s e  ( 5 )

to the space S of all possible covariance matrices for the multivariate-normal distri-
but ion.

As suggested in Chapter 4, we adopt a2-stage approachto the overall maximum like-
lihood estimation procedure. In the first stage, for any fixed x, we determine the
maximum likelihood estimate A (> ) or a , and the corresponding log-likelihood
l(>) of the observations. The transformation

reduces this problem to one of traditional logit analysis by maximum likelihood esti-
mation, and in section 5.2 we describe a logit analysis routine. In the second stage,
the value I of E maximizing l(t) isdetermined by theuse of ageneral non-linear
optimization routine in which the logit analysis routine is used to evaluate the objec-
tive function.l

An essential consideration in the structure of the program is the excess degree of free-
dom contained in the specification of the statement (3), i.e. the fact that, for any real
) . > 0 ,

1 t r a , t r 2 x y

always describes the same model. This excess degree of freedom is removed in the
estimation of x, rather than that of a . Specifically, we ensure that the space S of
possible X matrices never contains >1, Xz such that

> 2 - n ) r

Two possible complications could arise for a particular data set. One would be the
existence of a vector of coefficients a such that the sign of the function a'x agreed
with the chosen mode for every individuat. Then in our statistical model the maxi-
mum likelihood estimate of E would be I = 0. However, the method of analysis
involves the continual reduction of the problem to logit analysis by means of the
transformation (6), which always requires a non-zero matrix ). For any such E, in
this circumstance of 'perfect discrimination', the maximum likelihood estimate A (X)
will always tend to infinity. Since such a data set is in no sense a bad one, but rither
has some claim to be an unusually good one, it is necessary to be able to detect this
situation automatically. Fortunately this can be done in the logit analysis routine it-
self since the phenomenon of perfect discrimination for a particular data set is re-
tained under the transformation (6).

A much more serious complication could occur when there exist constants b, . . ,b,,
not all zero, such that for every independent variable x. we have

b ' x = 0

For efficiency it is necessary to have some degree of coupling between these two stages of the
estimation process. If, for example, I ()) is evaluated for two matrices E, and X2 close to one
another - as will happen in the optimization routine as the optimum value is approached - then
the two maximum likelihood estimates A (x, ) and A (2, ) (determining l(x, ) and 1(t, )) should
also be close to one another, and it is inefficient not to make use of this information-Arrange-
ments are therefore made for the passhg of such information between successive passes of the
logit analysis routine.
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(Trris is equivalent to saying that wiren we view each observation x' as a row of a

matrix (x..). there exists a linear clepenclence between the columni'of tnit matrix')

trttr" oatauset 5as tlis property, wlich is again retained under the transformation

(6), tlien, for any E, all vbctors of the form

A(>) + u (e)

are equally good maximum likelihood estimates of a. Unique estimation is impossible'

and the program is designed simply to report this circumstance if it occurs, and then

stop. Fortunately, for a large data set, the possibility of this happening is remote,

but it may occasionally be nearly true, in which case the confidence limits for a will

be unusually wide.

5.2 Ttre Logit AnalYsis Routine

The logit analysis routine is designed to find the maximum likelihood estimate A of

a for the simple statistical relationship

r r { v , = l } = 0  { d l , }

holding for a set of observations {(x,, y;} where each y. may take the value zero or

one. Then A is the solution of the vector equation:

a ( l o e l - )  -  0
0 a

where L is the likelihood function'

( 1 0 )

( 1 1 )

(  1 3 )

( 1 4 )

( 1 s )

The program uses the vector form of the Newton-Raphson method, in which succes-

sive solutions are obtained iteratively by:

a * =  a + I - l
a (log L) ( 1 2 )
0 a

where I is the information matrix defined by:

. a2 ( log L)
t jn = 

a.J\

and a and a* are successive approximuiio"''

Both
a(log L)

d a .
J

a'� (log L)
0a .  3a*

n
- s

i=  I

n
- s

i =  I

and

are readily calculated, and a subroutine is included for the inversion of I'

An initial solution a is supplied (frequently the final solution of the previous pass of

the logit routine), and iteration continues until

( 1  6 )

Should the iterative Process
the process restarted. (In manY

,  (a* ,  'ar \2

,1, 
t-;i- ( lr

- J

for a specified small h. Then we set A equal to a *'

start to diverge, the initial a is set equal to zero and

hundreds of runs this procedure has not yet failed')

x,,(v, - @,)

x . .  x . .  0  ( l  -  @ )
u l K t - l
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It is not in fact necessary to invert I at each iteration, and a new value of I'l is only

calculated when the rate of convergence falls below a specified level. Because the rou-

tine is usually called a large number of times by the non-linear optimization routine,

it is normally possible to enter it each time with a good first approximation to A, and

achieve the final value after only one iteration;the matrix i need not be inverted more

than once in every few passes of the routine.

In addition to calculatingthe maximum likelihood estimate A, the program also calcu-

lates the final probability associated with each observation, the log-likelihood for all

the observations taken together, and, on the final pass of the routine, a final value of

I and of I-l so that confidence limits may then be derived.

T1e routine will detect the occurrence of 'perfect discrimination' as defined in the

previous section, or the linear dependence phenomenon also discussed there, which

exists in the data if and only if the matrix I will not invert.

Tlie routine will fail (with suitable diagnostics) if the probability associated with any

individual falls below a user-specified level - indicating that that item of data is ex-

tremely suspect - or if convergence is not achieved within the specified number of

iterations.

5.3 Estimation of the Covariance Matrix

To determine the maximum likelihood estimate I of >, a non-linear optimization

routine is used to search a specified space S of possible covariance matrices. All the

matrices in the space S must be positive semi-definite symmetric. (This is a necessary

and sufficient condition for a matrix to be a possible covariance matrix of a multi-

variate-normal distribution. )

Most optim ization routines search in a p-dimensional space Rp of independent

variables (R representing the real numbers). It is therefore necessary to establish a

mapping from such a space onto the space S. This is done in two stages as follows:

l. The function

z  =  T 2  ( 1 7 )

maps the space u of all symmetric (r x r) matrices T onto the space

S of all positive semi-definite symmetric matrices 2.. Both spaces have

the same dimension, and there are only a finite number of matrices T -

not more than 2r - that yield the same matrix 2.

If we restrict s to be the space of all ) matrices of the form

( t 8 )

where 2, may be any (r, x r, ) positive semi-definite symmetric matrix,

), may be any (r, x rr) 
^diagohal 

matrix with non-negative elements, ). is a

fixed (1. x r, ) diagonal matrix; and correspondingly restrict U to be the space

of all matrices of the form 
/ f ,

r  = ( " t , " )  ( r e )

\ o r,f
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wherc the rcstriction on each T. is the siune as on the corresponding E.,

excepr tlat we no longer insist o'n positive semi-definiteness, then tlte

funct ion (17) maps the restr icted u onto the restr icted s.

Z. Let p be the number of variable components in the restricted space U

above (identifying u,,- with u,,, because of symmetry). If we identify each

such component witlia comp6hent in the space Rp, then we establish a

one-one correspondence between Rp and U'

Hence we establish a mapping from Rp onto any space S of the form defined in (18)

above.

In the program, the user may specify any such space S of possible covariance matrices

for the multivariate-normal distribution. For any r, of the generalized cost weights it

is hypothes ized that the covariance matrix may be 6f any possible form, i'e' any variances

and any possible correlations may exist in the weights. For a further r, of the weights, it

is hypothesized that the distribution of each is independent of everytliing else but may

have any variance. For each of the remaining r. weights (! + r, * t, = r), an indepen-

dent normal distribution of given variance is hy'pothesized. dndei the'above mapping the

searching of the space Rp - the natural domain of the optimization routine - corres-

ponds to the searching of the space S.

one restriction is necessary. As remarked in section 5.1 we exclude the possibility of

including E, and x, with

\ . - ) s
2 2  -  t \  p l

This restriction is achieved by always holding u, , fixed at its input value (which is

normally one).

The user specifies S by means of a vector locating each generalized cost weight in one

of the three classes described. He also specifies an initial matrix T such that T2is in S'

The program implements the required transformations and uses the optimization rou-

tine to find the maximum likelihood estimate 9 of > in S, which is returned toge-

ther with a statement of the associated variances and correlations.

Several methods of non-linear optimization in Rp exist. Among these Powell's method

has long been popular, as it is reasonably efficient. Although more recent methods may

be slightly more efficient, we are familiar with the behaviour of Powell's method, and

have therefore incorporated it in the program. It is written as a FORTRAN subroutine

called VA04A availatle from AERE Harwell. The capability exists to substitute easily

another method, should this be required. Any non-linear optimization routine will in

fact only find local optima, but the log-likelihood function appears to be reasonably

well behaved and no problems h.ave so far been encountered'

(7)

5.4 Special Facilities

,program contains two special facilities to deal with:The

l. Confidence limits
The confidence limits derived by the program, both for the vector para-

meter a in t5e relationsl-rip (3), and for the ratio of any two of its com-

polenti are subject to the considerations and limitations discussed in

section 4.3, which also sets out in detail the theory used in their deriva-

t ion.
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Special routines are provided for the derivation of limits for a ratio of
cornponcnts a /a*.  A comparison is also obtained of the true l ikel ihood
{ 'unct ion with that predictcd by the use of the asymptot ic result

L c exp l-Yr@- A; '  Y-t fa - Ul

2 .

where V = I-1 is approximated by using A for a. (This predicted
likelihood function is used in the derivation of the limits .) This compari-
son is achieved as suggested in section 4.3. The set of points of the form

(2t1

(where in each case we use l/y'{ in the jth place) lie on the contour
of points for which the asymptotic prediction of log L is exactly 0.5 below
the optimum. Similarly if we replace ll\/-f,, bV 2lJ-1. we obtain a set
of points on the contour for which the asyri'ptotic prediction is 2 below
the optimum. The program evaluates the true log L at each of these points,
subtracting it from the maximum log-likelihood so that we may easily com-
pare the sets of results with the predicted values of 0.5 and 2.0.

The program calculates the density function of the posterior Bayesian dis-
tribution of the ratio a,/au , and a subroutine, QA03A - again supplied by
AERE Harwell, is used to tabulate the integral of this function. That is,
we tabulate the cumulative distribution function, expressing our beliefs, in
the light of the data, about the possible true values of a./a*. Confidence
limits may be read off directly from this tabulation.

Distributions in the values of time

The underlying multivariate-normal explanatory model (section 3.3) postu-
lates a distribution in the vector a of generalized cost weights. The basic
program is designed to evaluate the maximum likelihood estimates (4,$ )
of (4 2) where

(20)

(22)

(23)

If we take these estimates as representing the true values then we can derive
the distribution of the ratio of any two of the weights a,/c* . In particular,
if eu is the generalized cost weight attached to money, dnd a. that attached
to alarticular component of time, then a,/on is the value, in Loney units,
attached to that component of time. The program is designed to evaluate
any such distr ibut ion of a. /en.

Analytically, the task is very similar to that involved in the derivation of
confidence limits for the true value of the ratio a,/tr of mean weights.
(Conceptually, however, the two ideas are very different, in that confidence
limits are a measure of the lack of complete information about a single
value and shrink as the available data increases. whereas the distributions
in the ratios c,/a* are postulated actually to exist.)T'he AERE Harwell
subroutine QA03A is again used.

E ( q )  =  a

cov (o) = >
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6. TESTING THE PROGRAM

Clrapters 4 and 5 described respectively the techniques we proposed to use tor calibra-
ting our model and the computer program written to apply these techniques. This
chapter describes the tests we carried out with the program. The main objective of
these tests was to ensure that the program was operating satisfactorily and that the
techniques suggested l were in fact applicable to real data. Nevertheless, certain of
the results are of interest in themselves, and are presented here for that reason.

Because our main objective was to test the techniques, we used for most of the runs
the data collected by Quarmby on bus-car choice in Leeds in 1964165. This data has

a l readybeenthesub jec to f  severa ls tud ies(e .g . re fe rences5,  12and 6) ,  and i ts
general properties are well known. Thus it makes a good subject for program testing.
The data itself, however, is far from perfect for purposes of modal choice or value
of time modelling. The inaccuracies revealed by the investigations of Appendix 5
and the age of the data make it inappropriate for application in the late 1970's, even
if the confidence limits associated with the estimates were thought to be acceptable.

Thus the results reported below should be treated as proof that the techniques are

working, and in some instances giving insight into choice mechanisms. They should
not be taken as calibrations for application in current work.

6.1 Number of Components of Time

The first runs of the program aimed to investigate the number of components of time

necessary to explain mode choice. The results of these runs are shown in Table I .

In this table are shown the explanatory variables, the weights attached to each and the

log-likelihood for each run. The first two results are shown for comparative purposes

only, to give the log-likelihood for the most simple choice'models': the first assuming

that each individual has a probabnity %. and the second that each individual has a
(calibrated) constant probability, independent of times and costs, of choosing mode 1.

Tlle subsequent runs show the improvements obtained by introducing first cost, then

a successively increasing number of components of time. By comparing the log-likeli-

hood improvement with the additional number of degrees of freedom at each stage, we

can determine the significance of each additional component, as explained in Chapter 4.

The results in Table I indicate that time and cost are indeed important explanatory

variables for mode choice. Further, the splitting of total travelling time into excess

time and in-vehicle time is also very important. The worse significance level recorded

for the split of excess time into walking and waiting does not mean that this split does

not improve the model, merely that the necessity for the split is not proved by this

test. The necessity is in fact establislied by later tests. Finally, the separate.valuation of

in-bus time and in-car time is also shown to be very important by the last run.

This final result, which has not been found by previous tesearchers, is nevertheless

intuitively plausible. tt might be thought that the result lvas due to too high a valua-

tion being put on car running costs (obviously highly correlated with in-car time), but

in fact a later rcsitlt sltowed that this was not the case.

'I"he 
weights given in this table are scaled so that the distribution of the generalized

cost over the popr"rlation has unit variance.
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6.2 Variations in the Generalized Cost Weights

The probability statement of the model we investigated is

pr {mode r chosen}= r( * A+r")
where 0 is the logit function..The runs described in section 6.1 were those for
which or r 

= I and all other elements of X were zero. We now go on to consider
non-zero vhlues of these other elements, retaining or t 

= I throughout.

As explained in Chapter 5, control of these non-zero elements is achieved by the
specification of a control vector. Elements of this vector may take the values 0, I
or 2, as follows:

Control = 0 means that the corresponding weight in the generalized cost function

is assumed to have zero variance over the population.

Control = I means that the corresponding weight is assumed to vary over the
population (with a variance to be estimated), but independently of all

other weights.

Control = 2 permits the mean and variance of that weight to be estimated as
well as the correlation of that weight with all others for which the con-
trol is 2.

For all runs presented on this report, the bias is assumed to vary independently of all

other weights. The controls, therefore, refer only to cost and time weights. The last

run in Table l, for example, is identified by the control 00000. A run allowing the

weights of cost and total time to vary, but without the possibility of correlation,

would be identified by the control 1 1.

Table 2 gives a summary of all the runs of this model that we performed on the Leeds

data. From a comparison of the degrees of freedom and the log-likelihoods, we can

see that the runs with three and four components of time gave significantly better

explanations than the runs with only one or two components.

Detailed results of some of the three component runs are shown in Table 3. Two re-

sults in this table worthy of particular note are the third (01 l0) and fourth (01 I I ).
The former shows that allowing variation in walking and waiting time weights gives

a significantly better explanation of the traveller's behaviour. In both runs, however,

we note that the best estimate of the standard deviation of the walking time weight

is very small, so that similar logJikelihoods could have been achieved by holding this

weight fixed. In this case, the numbers of degrees of freedom would be reduced and

the significance levels therefore improved. We would conclude specifically that allowing

variation of the waiting time weight gives a significantly better explanation than hold-

ing the weight constant.l

For the models with four components of time we were unable for budgetary reasons

to carry out a full investigation. Three of the most interesting results are shown in

Table 4. Here again we see from the second and third results that the waiting time

weight has a considerable variation, but that walking time is weighted constantly over

the population. Comparing the in-bus time weight with the in-car time weight, we see

that the former is constant, the latter varying. The significance level recorded for the

second result indicates that the variations in waiting time and in-car time weights are

It is also possible that these variations are an attempt by the model to compensate for
rounding by the travellers in reporting their waiting times. See Appendix 5'

a ^
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jointly significant, but we were unable to investigate their significance separately. I

6.3 Confidence Limits and the Value of Time

As we noted in Chapter 4, the ratio of mean values of normally distributed variables
has reasonable claim to be seen as the best single representative of the distribution of
the ratio. The reasons for this are discussed in Appendix 4. Accordingly, in presenting
the value of time - the ratio, for an individual, of his weights for time and money -
we propose to use the ratio of the mean weights.

These ratios have been given in Tables 3 and 4. Table 5 gives, for two typical results
from those tables, the 90 per cent confidence limits associated with our estimation of
the ratios' Note that the rangesgiven are for the ratio of themean values of the weights
- i.e. the range represents the error in estimation, not the distribution over the popula-
t ion.

The wide variations found, typical of all the runs, indicate that great caution should be
exercised in using these results. Clearly, where results of an evaluation are at all depen-
dent on the value of time input, sensitivity analysis is essential.

6.4 General Results

In this section we draw together a number of useful but unrelated minor results that
have been derived from the analysis:

l. The results summarized above indicate that all the features of the program
are working satisfactorily. The most complicated run of the program -
run 2222 reported in Table 3 - took l9 minutes to run on the IBM
3701145. This run involved 275 calls of the logit routine, estimating five
mean weights, and ten degrees of freedom in X. Thus the cost of com-
puter analysis of data, while by no means negligible, is very small by
comparison with the other costs incurred in studying the value of time.

2. It will be seen from the tables that the analytic device of permitting
variations in the weight attached to the money cost has not given any
significant improvements in log-likelihoods. This in effect means that
we have not found definite evidence that distributions of the value of
time - i.e. the distributions of ratios of coefficients - are significantly
skewed away from the normal distribution. Some such evidence has
been found, however, and it remains more likely that the distributions
are not normal than that they are. More data will be required to deter-
mine the truth in this question.

3. In section 6.1, we remarked that a furtheranalysishad shown that the
lower lveight associated with in-car time compared with in-bus time
was not due to the assignment of too high a cost to car running. This
analysis is shown in Table 6.

We carried out a series of runs of the model 0000 that gave a significant
dilference in the in-car time and in-bus time weights. For these runs, we
ntultiplied the car cost given in the data by the factors in the first column
of Table 6. From the table it can be seen that the best explanation is
give' by a car cost actr-rally higher than ilie original figure. The

As in the previous footnote, these apparently significant variations may be the result of
attempts to compensate for rounding by the respondents.
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log-likelihood improvement is not, however, significant, and we con-
tinued to use the original tigures. However, the results do indicate that
the car cost is not too liigh. For example, the second result in the table,
with multiplier 0.6, gives a significantly worse explanation of the obser-
vations, but already shows in-bus time weighted more highly tltan in-car
time. We conclude that the difference in these weights is established by
this data.

The final chapter draws together the most important points arising from our work, and
makes recommendations for future studies of the value of travel time.
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Exp lanatory
v a r i a b l e  s

G e n e r a l i z e d
co s t
we igh ts

L o g -
l ikel ihood

D e g r  e e  s

o f
f r e e d o m

Sign i f i cance
IeveI

None
(randorn rnode

cho ice)

- 3 7 4 . 3 0 0

Bias  on ly 0 .  4 5  t - 3 3 3 . 9 2 I

Bi .as
C o s t

0 .  6 2 6
0 .  0 2 0  I

- 3 2 3 . 4 2 z

B i a s
C o  s t
Total  t i rne

- 0 .  1 6 7
0 . 0 2 5 5
0 . 0 3 3 6

- 2 6 8 .  7  9 3

B i a s
C o  s t
E x c e s s  t i r n e
In-veh ic le  t i rne

- 0 .  3 9 7
0 .  o z 5 3
0 . 0 5 1 9
0 .  0239

- 2 5 9 .  L r 4

B i a s
C o s t
Wait ing t i rne
Walking t i rne
In-vehicle t i rne

- 0 . 4 6 8
0. 0249
0 . 0 6 3 7
0 . 0 4 9 6
o.  0240

- 2 5 8 . 6 3 5 >  r 0 . 0 %

B i a s
C o s t
Wait ing t i rne
Walking t i rne
In-bus  t i rne
In -  car t i rne

- o . 9 s o
0 . 0 3 2 1
0.  06?4
0 .  0 4 5  I
0 . 0 2 7 9
0 . 0 r 2 6

- 2 5 2 . 8 2 6

Tab le  l :  Leeds  da ta  S i rnp le  log i t  rnode ls

The s ign i f i cance leve l  fo r  each exper i rnent  i s  tha t  cor respond ing

to the i rnprovernent on the preceeding experirnent.

Un i ts  o f  cos t  a re  o ld  pence,  and un i ts  o f  t i rne  are  rn inu tes .
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T a b l e  5 : 90% conf idence l i rn i ts  on  va lues  o f  t i rne rat io s

Experirnent

ident i f ie r

Rat io  o f  es t i -

rnated weights

90ls conf idence

Iimit s

0 1  l 0

Value  o f
wait ing t i rne

Value of
walking t i rne

Value of
in -veh ic le  t i rne

3 .  7 0

2 . 0 0

1 .  0 0

2 . 4 4  -  5 . 8 6

I . 4 2  -  3 .  A I

0 . 6 7  -  1 . 5 5

0 t 0 0 t

Value of
waiting tirne

Va lue  o f
walking tirne

Va lue  o f
in -bus  t i rne

Va lue  o f
in- car t i rne

z .  8 4

t .  4 4

0 . 9 0

0 . 4 1

1 . 8 8  -  4 . 3 5

1 . 0 0  -  z .  1 5

0 . 6 4  -  t . 3 l

0 . 1 2  -  0 . 8 2
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7. SUMMARY. CONCLUSIONS AND RECOMMENDATIONS

In this final chapter we draw together the results of the study, and from them derive
recommendations for the conduct of future studies.

7.1 Summary and Conclusions

The argument in this report has been developed in five main stages, which are sum-
marized below.

7.1.1 Explanation of the Behaviour of Each Individual

In Chapter 2 we argued that methods of analysis relying on empirical separation tech-
niques cannot be regarded as deriving (except by a general association) parameters
for use in modal choice modelline or estimates of values of time.

We further argued that the curve-fitting approach of constructing probability models
of the form

P r  { m o d e  I  c h o s e n } =  p ( t i m e s ,  c o s t s , . . . .  . )

is not an attempt to explain the behaviour of individuals, but merely to fit the existing
situation. For this reason it is not possible with models of this type to investigate more
detailed hypotheses of choice mechanisms, nor test the economic soundness of the
modelling. In particular, values of time cannot be derived.

We recommend instead the initial formulation of modal choice models of the explana-
tory form:

m o d e  =  f  ( t i m e s , c o s t s , . . . . . )

where f is a deterministic function, but where some of its parameters are distributed
over the population. Such explanatory models do not have the defects of the curve-
fitting approach described above, but may be as readily analysed statistically by deri-
ving from them a statement of the probability of choosing a given mode.

7.1.2 Explicit Assumption of Parameter Distributions in the Population

In this study we have investigated models of the form:

mode = sign (a'x )

where x is a vector of the time and cost differences between the modes and a is a
vector of weights distributed multivariatenormally over the population.

In Chapters 2 and 3 we argued that it is not possible to draw inferences about the
value of a without making an assumption about its distribution, even if this is only
that it is 'constant apart from bias'. The assumption we have made seems particularly
attractive: first, because it is a simple step forward from the stronger assumption im-
plicit in previous studies that c is constant for all individuals, apart from the bias;
second, because it includes a wide range of possible distributions in the ratios a./o,,
i.e. in the values of time for individuals; and, finally, because it permits an analyli-'
cally simple derivation of the probability statement.
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7.1"3 Development of Statistical Techniques for Calibrating the Model

In Chapter 4, we described a calibration method for finding maximum likelilrood esti-
mates of the parameters of the model. The calibration is achieved by a 2-stage process
using a logit approximation to the probit model. We argued that the approximation was
very close, and indeed suggested that the logit has distinct advantages over the probit,
as explained in detail in Appendix 3.

We went on to discuss measures of significance derived from the log-likelihood of our
observations, and to develop techniques for obtaining confidence limits on the para-
meters. These enable us to assess objectively the significance and accuracy of the results
obtained.

7.1.4 Specification and Testing of a Computer Program

Chapter 5 described the specification of the program that was written for this study.
Tliis program enables a wide range of possible models to be calibrated and assessed
using the Z-stage procedure. Many useful statistics are also generated by the program.

Various devices have been incorporated to speed the operation of the program, which
is now capable of fairly rapid analysis of quite complicated models. All aspects of the
program have been tested satisfactorily.

7 .1.5 Implications Drawn from Tests of the Model

The trials of the model carried out in this study had as their main objective the testing
of the program and techniques we had developed. Nevertheless two interesting positive
results were obtained from the Leeds data:

l. That it is necessary to value time in at least four separate components:
walking time, waiting time, in-bus time and in-car time;

2. That at least two of these components (waiting time and in-car time)
irave significant variations over the population.

On the basis of the second result we conclude that analogous variations should be
investigated in future studies on other data. Further variations were suggested by the
results, but we were unable to establish unequivocally their significance.,

Indeed, the major conclusion from the tests was that the data used was inadequate for
deriving estimates of values of time without very wide confidence limits being given.
The wide limits quoted in Table 5 of Chapter 6 were typical for the Leeds data set.
Similarly wide limits were found in a trial using London bus-tube mode choice data.l
Moreover, these limits are 'internal' - that is, they rely in their calculation on the
accuracy of the data and the model fonnulation - and more realistic limits would be
wider stil l.

7.2 Recommendations

Tlrroughout this report we have stressed tire limitations of the data available for model
calibration. Consequently, our main recommendation for future work on the value of
time is that these limitations should be attacked to brine the data more nearlv in line

Data collected in 1970 and zubsequently analysed by LGORU. See Reference l7 .
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with the techniques, wliich we trelieve to have run rather ahead of the data available.

The attack should be on three fronts.

First, data sets should be larger. The data sets analysed in this and previous studies

have contained fewer than 1,000 individuals. The 542 individuals in the Leeds data,

as we have seen, give 90 per cent confidence limits on values of time of around 1

70 per cent, and to reduce these errors it is essential to have more data. Data sets of

at least 2,000 reliable observations would be necessary to achieve intemal limits of t

35 per cent, at the same level of confidence. Such limits would be more acceptable

and easier to handle in evaluation of proposed transport schemes.

Second, evaluation procedures requiring the input of values of time, and the mode

clioice models from which these values are derived, should be made compatible. One

of the problems that has been made explicit by this study is that the demand model

implied by standard evaluation procedures, which assume constant values of time, is

incompatible with the more realistic demand models suggested by this study.l To

overcome this problem requires reformulation of evaluation procedures so as to bring

them into line with the demand models on which they are based. A further incompa-

tibility is that evaluation procedures are necessarily based on observed and predicted

actual times, whereas much of the data from which values of time are derived is based

on reported times. Very little work has been done to relate actual travel times and

travellers' reporting of them, and until some reliable results are available we can only

speculate what the distortions of using reported times are likely to be. To use actual

times for modelling would be greatly preferable, but the standard procedures of trans-

portation planning are not appropriate, as they are designed to generate average values

for a group of travellers.

Finally, we believe that some reductions inreal confidence limits might be made by a

theoretical treatment of errors in the data. Transportation data is notoriously effor-

prone. Some 'errors' will be those introduced by the respondent in reporting travel

ii-"r, through misperception, rounding of his estimates, etc; but others will be simple

errors of copying or illegibility. Some mode choices we have obsened are so unlikely

as to make a transposition of the selected and alternative modes the most reasonable

explanation. Clearly, treatment of this latter type of error would be very difficult,

Uut it might be possible to carry out an analysis of the biases introduced by reporting

errors or by estimation from network analysis.

These recommendations for further work would, we believe, bring the data available

for analysis closer to the level at which reliable results could be obtained. Of the

three, the need for more and better data is the most urgent.

This incompatibility may give rise to biases caused, for example, by the fact that the people

who change their behaviour as the result of a change in a network (e.g. to reduce walking

time) will be those who are particularly sensitive to such changes - i.e. have a high value

of rvalking time. Thus the introduction of the possibility of variation in time values in the

demand model requires the introduction of corresponding sophistications in the evaluation

to avoid bias.
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A P P E N D I X  I

DISCRIMINANT ANALYSIS

Suppose there exist two populations, which we label A and B. Associated with each
individual in these populations is a vector x such that the distribution of x over each
population is multivariate-normal, the two vector means being different but the co-
variance matrices being identical. We wish to divide the space X of x vectors into
two regions that can be used to assign any new individual, whose x vector is known but
whose population is not, to his correct population with the minimum probability of error.
If we choose axes in our space X such that the covariance matrix is diagonal, then the
optimal division of X is given by a hyperplane

u 0 * a l * l * .  . . * a . x r = 0  ( l )

perpendicular to the line joining the two means. The value of a^ is determined bv anv
prior beliefs we may have about the relative likelihood of the inbividual belongini to
one population or the other, and by the relative importance of the two types of mis-
classification error.

Strictly the assumption of multivariate-normality in each distribution is not required,
but we do require some fairly strong similarity and symmetry conditions between the
two distributions.

We now relate this to tlie problem of bimodal choice by defining the two populations to
be the ttsers of the two modes and each vector x to consist of the time, cost, and pos-
sibly any other relevant data for the corresponding individual. Suppose we manage to
verify that the vectors x do indeed satisfy the required distributional assumptions
throughout each population - at least to a sufficiently high degree of approximation.
(This would probably be achieved through the use of a goodness-of-fit test on a suffi-
ciently large sample drawn from each population.) Then for any individual whose vector
x (time and cost data) we know, but whose chosen mode we do not know, we may use
discriminant analysis to assign him to his most probable mode.

In the above situation the two populations are given a priori - there is no suggestion
that the vectors x, or rather the information they contain, in any way cause the indiv!
duals to belong to the populations they do. We must nevertheless postulate such a
causal relationship if we are to make any inference atrout the effect of changing the x
data on modal choice, or if we are to infer anything about the value of time. We must
postulate that when an individual's x vector is changed there is a possibility that he
may switch from one population to the other. Because the discriminating line ( I ) is
not obtained from hypothesizing such a situation there is no direct justification for in-
fering that the function

u o * u t * l * .  . . t u r " ,  ( 2 )

provides such a causal determinant of modal choice - even in terms of the relative
likelihoods of choosing one mode or the other.

The attempt to make such inference about the way in which the x data is respon-
sible for tlre mode chosen automatical/y implies the belief in the existence of a rela-
tionship of the form

mode = f(b ,x )
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wltere the f unction f and the parameters b are to be determined - either or both of
them may contain probabi l ist ic elements. I t  should be noted that in this si tuat ion al l
individuals belong to the same populat ion and the x 's are independent var iables. l f
we wish to use the tunction (2) obtained from discriminant analysis as representing, at
least in part, the function f(b,x) then we must show that it provides a satisfactory, and
preferably an optimal, explanation of the data in terms of a relationship of the form (3).
The only way we may do this is to start with a reasonable model of the form (3) and
show that the use in this model of the coefficients obtained from discriminant analysis
provides a satisfactory explanation of the data. A qualitative argument of this kind was
given in section 2.l,but there was no suggestion that the discriminant analysis coeffi-
cients provided an optimal explanation for any such model (3). It could just be that for
some very specific stochastic model (3), the mathematical expression for the coefficients
t provided by, say, maximum likelihood or least squares estimation was identical with the
mathematical expression for the coefficients of discriminant analysis, and if we believed
that that model was the best obtainable, it could then be said that the discriminant analy-
sis coefficients provided optimal explanation of the modal choice. However, the justifica-
tion for using these coefficients would not be that they had been produced by discrimi-
nant analysis, but that they had been produced by the model (3).

If we can only justify the use of discriminant analysis for causal inference by showing
that it produces sufficiently good explanation in terms of a satisfactory causal model of
modal choice - and it remains doubtful whether even this can be done - then discrimi-
nant analysis has no standing in its own right for the purposes of such inference. We would
do much better to throw it away and use the causal model itself. Then we would work with
a correct understanding of what our basic model was, and of its status in relation to other
models.

To sum up the above argument: if we are to make causal inference about modal choice
we must first have a model of modal choice: discriminant analvsis is not such a model.
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A P P E N D I X  2

LIMITING TIME VALUES

As discussed in section I .3 the model specified in the previous LGORU study (reference 5)
derived for each individual a limit on his value of time. This limit was inferred directly
from his choice of mode. For this study we have generalized this interpretation to obtain
the model:

mode = sign (a x )

where x is an r-dimensional vector of times and costs for the individual, and q an
r-dimensional vector of weights attached to those times and costs. The previous study was
limited by its budget to consideration ofvalues of r up to 3 (bias, cost and time)

It is in the calibration of the model that this study departs from the previous one. Here we
have assumed that c has a distribution over the population and have calibrated maximum
likelihood estimates for the parameters of that distribution. The previous study assumed
a to be constant and determined the value for which the number of individuals allocated
to the correct mode was maximized. The behaviour of other individuals was considered to
be unexplained.

We believe, however, that the original Limiting Time Values (LTV) model is not entirely
satisfactory, in that it does not specify prior to its analysis the individuals to whom it is
to apply. Further, the criterion of optimality is not amenable to the derivation of signifi-
cance levels or confidence limits on the parameters. In short, the approach as stated is not
statistically valid, and the difficulty of deriving significance measures is merely a symptom
of this fact. What is required is the definition of a likelihood function, applicable to a//
individuals, which will permit statistical analysis of the model. The difficulties with signi-
ficance and confidence measures will also, of course, be solved with the definition of a
likelihood function by the subsequent application of standard statistical methodology.

In this appendix we specify a distribution for a such that, when maximum likelihood
estimates are found for the parameters of the distribution, the estimates are identical to
those produced by the optimality criterion of the original LTV approach. By setting the
model on this formal statistical basis, we are able to clarify the implicit distributional
assumptions and examine the consequent strengths and weaknesses of this approach.

To set up the formal basis, suppose we have a model of mode choice ( I ), in which the
distribution of a is assumed to be:

E(a)  =  a

v a r ( a . ) = 0 ,  f o r i ) 1 ,

and the distribution of a, (the bias) is

o1 = -* with ProbabilitY P

ot = al with probability I - 2p

o1 = * rc withProbabilitY P

( 1 )

0 < p

- { l

(2)



' l ' l r cn  
the  l i ke l ihood o l 'any  ind iv iduat  observa t ion  is  g iven  by

l, = p (incorrectly classified)

l i =  p + ( l - 2 p )  =  l - p  ( c o r r e c t l y c l a s s i f i e d )

The overall log-likelihood is thus given by

log L = E log li = nt log p + n, log (l-p) (3)

where n, is the number of incorrect classifications and n^ the number correct. As
p ( l-p, it is easy to see that L is maximized when n^ * maximized - i.e. this
model is equivalent to the original LTV model.l 

'

It is apparent that the distributional assumption (2) necessary to carry out statistical
analysis of LTV is somewhat implausible. It seems more reaso.nable to us to assume that
individuals may have varying views of the modes available to them and that the informa-
tion about a contributed by an individual varies continuously with the value of his in-
dependent variable x of times and costs, rather than discretely as assumed by LTV.
(The discussion in this paragraph does not include the possibility of variations in time
and cost weights.)

In illustration of this criticism, we compared an LTV estimate on the Leeds data given
in reference 5, with an equivalent run of the model analysed in this study. The maximum
likelihood estimate of the parameter p in the LTV technique can be found by diffe-
rentiating (3):

This is zero when P = fll ln*nz. It can easily be shown that this value maximizes the
likelihood.

Taking the figures from reference 5, page 48, where the LTV model correctly classifies
417 individuals out of 542, we calculate the log-likelihood of this result from (3):

log L = 125 bg fU + 4n bg lJf- s42 " 542
= -  292.70

This result is achieved with three degrees of freedom: value of time, bias, and p. It com-
pares with the third result in Table I of Chapter 6 of this report for which the log-
likelilrood is - 268.79, a very much better figure. Consequently the distribution assumed
for the bias in this study appears to be very much more likely than that implied by the
original LTV method.

/ g
It is interesting to assess the para/reters found by the run of our model quoted above on
the LTV basis. With these paran/ters, 406 individuals are'correctly classified' * i.e. have
a predicted probability of choostng the mode they actually chose of greater than 0.5. A
further fifty have probabilities between 0.4 and 0.5, and thirteen have probabilities be-
tween 0.479 and 0.5, so that there are in this data a large number of individuals with
close choice decisions.

Note that the maximum likelihood estimate of a is independent of p. The maximum likelihood
estimate of p itself may be calculated afterwar&.

9 (ton L) = !r n2
dp p l-p

- < ?



Wc concltrde, t l terefore, that the distr ibut ions assumed in this study give a much more
realistic representation of behaviour than the original LTV work. One problem with
our work, however, which was not present in the previous study, is the possibly exces-
sive influence on the results of a few individuals with extremely low predicted probabi-
lities - possibly the result of data errors or of behaviour influenced by factors not
included in the model. The original LTV work is completely robust in the face of such
individuals.

The sensitivity of our generalized logit model to outliers is discussed in Appendix 3,
where we conclude that the logit distribution is much more stable than the probit. We
conclude that the logit sensitivity is not excessive, and that the much better explanation
given of the data compared with the original LTV makes it overall the best solution to
the problem.
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A P P E N D I X  3

T H E A P P R o X I M A T I o N o F T H E P R O B I T C U R V E B Y T H E L o G I T

z  =  q 'L  N(x ) )
(3)

Figure I is a graph of the integrated normal function

, r x
N ( x ) = *  I  " * p t - Y r t 2 ) d t

Y L t I  
J - *

on a non-linear vertical scale such that the logit functions

are represented by straight lines through the origin of slope k - using the linear vertical

scale on the right of the figure, the graph is that of the function

( l )

(2)

The approximation of the probit function N by the logit f"":ti.:l orl1l therefore

corresponds to replacing the curve by the straight line (through the oriLin) of slope k'

Suppose we have a Probit model

P r { V = l }  =  N ( a ' * )  ( 4 )

relating binary observations y (taking values 0 and 1) to independent vector variables

x, and we estimate the parameter a by replacing (4) with the logit approximation

P r { v = l }  =  @ * ( a ' x )  
( 5 )

where k gives the best fit of the logit curve to the probit over the relevant range of

values of N and then using any appropriate technique of logit analysis to obtain an

;;; A. If, instead of k, we were to use a scale factor k'; the same method of

estimation would produce the estimate

ka
k'

Thus the value of k chosen in the approximation - the straight line by which we appro-

ximate the curve in Figure I - is important for the determination of the absolute value

o f a , b u t d o e s n o t m a t t e r i f w e o n l y w i s h t o e s t i m a t e a u p t o a c o n s t a n t m u l t i p l e .
For this purpose the estimation technique will effectively select the best fit of the two

curves.

In the multivariate-normal linear model of bimodal choice that we have presented in

detail in this report we approximate the associated probability statement

by

Pr(y=1)=N(-E i#- - )

Pr(y=r ,=r (J -  d i t , , - )

(6)

(7)

i .e .wechoosetheva lueof  k  tobe r l . , /T  (numer ica l l y  1 .S14)as theneedtore la te  a

to  x  requ i resanest imat ionof  theabso lu teva lueof  a ,andtherearegoodgroundsfor

preferring this scale factor to any other (see section 4.1). Figure I also plots the logit

function witlr k = nlt/T.
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Our primary interest, however, is in the ratios of the means of the generalized
cost weiglrts, i.e. tlte ratios of the components of a , and the estimation of these is in-
dependent of the value of k used.

We now discuss more formally the justification for the logit approximation, at least
in the context of maximum likelilrood estimation. First we introduce a measure of
sensitivity for any model of the form

Pr (y= 1) = f  (a '  x) (8)

which is symmetric between the modes, i.e. for which f satisfies the relation for all z

f ( - z ) + f ( z ) = l  ( 9 )

We define the sensitivitv function

f*(z) = d
dz

measuring the proportional rate of change of the probability function f(z) with z.

Suppose we have a set of observationsJ(x, V,)| , where each x. is an independent vector
variable and each y, takes the value 0 oi j ' in such a way ai to satisfy the relation (8)
for some parameter- a . The relation (9) implies that if we replace any observation
(*,,0) by (-Ii , I ), then, for any value of the parameter a , the probability associated
with tltat observation (and therefore the overall likelihood of obtaining all the observa-
tions) will remain the same, and so the best estimate A of a will be unaffected (no
matter what the method of estimation used). Hence, without any loss of generality, we
mayassumethatevery  x .  hasbeensodef inedtha t thecor respond ingva lueof  y .  i s  l .
This mathematical reforilulation of the problem, in which we discuss probabilitiers of
obtaining the observations actually resulting (the modes actually chosen), and which is
possible only when the model is symmetrical between the observations, gives a useful
economy of presentation in the following discussion.

The maximum likelihood estimate of the parameter a is the solution of the vector
equation

d(log L) = 0
da

where the likelihood function L is given (in our reformulation) by

;L (a )  =  f r  r (a 'x . )
i = l

so tha t  (11)  becomes

B  x .  f * ( a ' x .  )  -  o
i =  I  

- r  -  - l

where f* is the sensitivity function (10).

The maximum likelihood estimate of a is therefore that value of a for which the
sum o [  the  cont r ibu t ions

x . f * ( a ' x . )- l  ' -  - l '

l oe f (z )  =  f  (z )

f  (z)
( 1 0 )

( l  I  )

(12)

( 1 3 )

(  1+ ;

from each of the observations exactly cancel one another. If we were to introduce a
new observation i into a substantially sized data set tiren the change in tl-re maximum
likelihood estimate would be approximately proportional to the function (14) (this
approximation tending to exactness as the size of the data set increased). The contri-
bution of any observation to the maximum likelihood estimate is therefore given by
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the vector x. multiplied by the sensitivity function f evaluated at the estimate.

Table 7 gives values of the sensitivity function N*(z) of the integrated normal
curve and of the sensitivity function Qd@ of the logit function with scale parameter
k, together with values of zN*(z) and. zQ{(z), the value of k for the tabulation being
r lt/T. These four functions all tend to zerd as z tends to plus infinity.

Suppose that for a given data set (x,), A is the solution of (13) when f is the probit
curve N. Thenprovided none of the values o/ N(A'x.) is small, there is avalue of k
such that

This is implied directly by the closeness of the functions N* and @,] , except possibly
where x. is large in absolute magnitude. In this latter case N(A'x,) ii almost certainly
near one (we have excluded the possibility that it is near zero) anil so x . N * (t x; ) and
-4i ry (A' x,) are both very small. Under the above proviso, A is also an ipproiirhate
solution to equation (13) when f is the logit function @r with scale parameter k -
subject to the one additional condition that the rate of chairge with a of

d (loe L) ( 1 6 )

evaluated at A for f equal to either Q, or N, is not unduly small, i.e. that the infor-
mation matrix I defined bv

x .  N *  ( A '  x . )- l  ' -  - 1 -

(measuring the impact of the observation x. on A ; increases in absolute magnitude, not
only because lx I is almost certainly incrtjasing, but also because N* (A'x-) is increa-
sine - in fact

da

m

i = I  
- l  - - l '

(  l 5 )

(  l 8 )

tj* = a2 ( log L) (17 )
0 a . 0 a *

is not small.

Therefore provided the data set contains no, or only a very few, individuals with an ex-
cessively low associated probability, the maximum likelihood estimates obtained by using
probit and logit models are very close to one another. The exception occurs when the
information matrix I is excessively small, but this exception is only to be expected as
it is in precisely this circumstance that the confidence limits (under either model) for the
true value of a are excessively wide.

The important feature of this result is that the presence of any observations with high
associated probabilities does not affect the goodness of the approximation. With neither
logit nor probit analysis do such observations make any significant contribution to the
determination of the maximum likelihood estimate.

The approximation is affected, however, by those observations which may be considered
the real outliers in the data set - those with very low associated probabilities. To examine
the effect of such observations we,may introduce an additional 'observation' x. into
the data set and examine the effect on the maximum likelihood estimate under'each model
as we progressively reduce its associated probability.

Under the probit model, as N(A' x.) is reduced, the vector function

__> _1, as z ___) _ @

- 5 8 -

N*(z ) ( l e )



Table 7: VALUES

when k

OF THE FUNCTIONS

n /./J (= 1.8138)

N*(r), Qf tr), zN*(z) and zQl1zy

z ru*(z) @[t,l zN*(z) ,QTI,I

-  4.0
-  3 . 5
-  3 .0
-  2 .5
- 2 . O
-  1 . 8
-  1 . 6
-  1 . 4
-  1 . 2
r  1 . 0

-  0.8
-  0 .6
- 0.4
-o.2
0.0
0.2
0.4
0.6
0.8
1 . 0
1 . 2
1 . 4
r . 6
1 . 8
2.O
2.5
3.0

3 . 5
4.O

4.22
3.7  5
3 .28
2.82
2.37
2.20
2.02
1 . 8 5
1.69
1 . 5 3
t . 3 7
1 . 2 2
1.07
0.929
0.798
0.675
0.562
0.459
0.368
0.288
0.2t9
0 .1  63
0 . 1 t 7
0 .0819
0.0552
0 . 0 1 7 6
0.40444

0.000873
0.000134

l . 8 l

l . 8 l

1 . 8 1

t . 7 9

1 .77

t . 7 5

r . 72
1 .68

r .63
1 . 5 6

1 .47

1 . 3 6

r .22
1.07
o.907
0.744
0.592
o.457
0.344
o.254
0 . 1  8 5
0 . 1 3 3
0.0944
0.0667
0.0470
0.0193
0.00783
0.00317
0.00128

-t6.9
- 1 3 . 1
- 9.85
- 7.06
- 4.75
-  3 .96
- 3.24
- 2.60
- 2.O3
-  1 . 5 3
- 1.09
- 0.729
- 0.428
-  0 . 1 8 6

0.000
0 . 1  3 5
o.225
0.275
0.294
0.288
0.263
0.228
0.1  88
o.147
0 . 1 1 0
0.0441
0.0133
0.00306
0.000535

-7.25
-6.34
-5.42

4.49
-3.53
-3 . t4
-2.75
-2.35
-1 .95
- 1 . 5 6
- l  . 1 8
-0.814
-0.489

4.2t4
0.000
0.t49
0.237
0.274
0.275
o.254
0.222
0 . 1 8 6
0 . 1 5  l
0 .1  20
0.0939
0.0481
0.023s
0 . 0 1 I  I
0 .00512
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Under the logit model, as @u(A'x,) is reduced, the vector function

r, @l 1A' x,) (20)

increases only insofar as I x. I increases, the function @[ tending to a constant.
Specifically

Oit,) =
I - exp (kz)

The maximum likelihood estimate under the probit model is thus very much more
affected by the presence of outliers in the data set than the corresponding estimate under
the logit model. For either model, the degree of sensitivity to such an outlier would be
arguably correct if we could be sure that the observation genuinely fitted that model.
However, an observation with such a low probability associated with it is quite likely
either to be erroneous or else, although correct, not in conformity with the model for
some other reason - for example, in the modal choice situation factors other than time
and cost may be influential. Even if we could be sure that the observation fitted the model
in a general sense, there is still the possibility that the exact curve, logit or probit, might
not be perfectly correct - this probability is more of a certainty in modal choice models.
In such a circumstance what is really happening is that the probit model is distorting its
parameters violently in an attempt to explain an observation not really compatible with
the model, whereas the logit model can more easily incorporate such an outlier with its
longer-tailed distribution.

The (slightly paradoxical) conclusion is that in the one region where the logit and probit
models seriously diverge the logit model is much to be preferred, so that even if we have
what is in theory a probit model, as for example our multivariate-normal linear model
of modal choice (6) presented in this report, its approximation by a logit model may
well lead to better calibration. However, with anything so nebulous as a modal choice
model, outliers in a data set are perhaps best regarded with enough suspicion to merit
their removal from the data altogether.
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A P P E N D I X

RATIOS

We draw attention to two distinct problems:

l. The representation, in the multivariate-normal linear model of modal choice, of
the distribution of a ratio of generalize<l cost weights by the ratio of the respec-
tive means.

Suppose that we know the true parameters (a ,) ) of the model. Then the distribution
of the ratio o,/c* of any two of the generalized cost coefficients, representing say the
value of a parficular component of time in money terms, is completely specified. If we
wish to make any practical use of that value of time, we should strictly work with the
entire distribution arla*. This being excessively complex, however, the question arises
as to what is the besf single representative of the distribution.

Assum,e, for the sake of clarity, that a. and tr are both positive. Then, provided
,u*ln.? is suffi.ciently small for a negllgible prbportion of the distribution of a* to be
negative, the distribution of a,/cn is positively skewed and

mode (e.,/ao ) (

median (o.,/en ) =

E (a., /o*) )

u: luu

arlan

ujlun

( l )

(2)

( J , |

t .e .

Analogous to (3) we also have, provided >i,l$ is small

E (a*/ar)

_ _1__ <
E (an/a,)

a. la.
K '  J

Consequently, in isolation, the mean is not a stable representative of the distribution -

the reciprocal of the mean is not the mean of the (equally important) reciprocal distribu-
tion. For a similar reason neither is the mode stable. However. the ratio a. /a. of the
means a, and tr of a, and au does have this stability property, and bfcJuse it is
also generally the median of the distribution of a,f a,. , probably has the best claim to
be the single representative of this distribution. 

r R

2. The best estimate of arlau in the multivariate-normal model.

Technically the problem is similar to that above. While, to a very good approximation,
if A and An are the respective maximum likelihood estimates of a. and an,

E (4,) = a,

E (ak)= q..
for the ratios we ltave

and also 
E (ajlak) >

E (aklaj)
provided a. and 1 are both positive and have relatively small standard errors. The
results (8)- and (9) taken together are symptomatic of the fact that the concept of
unbiassedness is not relevant in this situation. The best estimate of a.la. in most cir-
cumstances ls A./A. 

r  K
J '  K

Lla.
J ' K

(4)

(s)

(6)

(7 )

ujlun

a. la.
K '  J

(8 )

(e)
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A P P E N D I X  5

THE LEEDS DATA SET

Figure 2 is a histogram that plots numbers of individuals in the Leeds data set (whether

bus users or car users) against total time difference between modes (bus mode total time

less car mode total time). The histogram covers the range

- 20 min ( total time difference ( 80 min.,

531 of the 542 individuals falling within this range. Each bar of the histogram covers a

five minute interval:

5n min ( total time difference ( 5(n+1) min.

Despite this grouping it is obvious that the total times originally recorded were for the

most part given to the nearest ten minutes (for the two-way journey), this being the only

satisfactory explanation of the 'clumping' at alternate bars in the histogram.

Figure 3 presents a similar analysis of the waiting time difference between modes - effec-

tively the bus mode waiting time. Separate histograms are given for those who actually

choose the bus mode and for those who choose the car mode. These waiting times are

all multiples of two minutes. The ten-minute rounding effect persists. Histograms are not
presented for the remaining components of time, but the distributions of walking time

differences and in-bus times are considerably smoother - indicative of less rounding in

the reporting of these (independent) variables - while the distribution of in-car times

suggests that a considerable degree of rounding has occurred in their reporting - again

there is a grouping effect at ten-minute intervals.

These results support our suggestion in Chapter 6 that, when the data was analysed using

the multivariate-normal model, the substantial variances obtained in the distributions of

the generalized cost weights corresponding to waiting time and in-car time could be the

result of an attempt by the analysis to compensate for these rounding errors - very low

variances were obtained in the distributions of walking time and in-bus time. The ques-

tion of whether such rounding errors introduce a systematic bias into the estimates of the

means of the generalized cost weights has been beyond the scope of this study.

Finally, Figure 4 presents two histograms showing the distribution of the cost difference

between modes for those who actually choose the bus and for those who choose the car.
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FIGURE 2 L e e d s  D a t a  -  D i s t r i b u t i o n  O f  T o t a 1  T i m e  D i f f e r e n c e

Bus Users  And Car  Users

N o .  o f
I nd i v i dua l s

Bus
- Car

N o .  o f  i n d i v i d u a l s wi th in  range
( f r o m  t o t a l

o f  h i s t o g r a m  =
of  542)

T ime
T i m e  ( M i n s .  )
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A P P E N D I X  6

SMALL TIME SAVINGS

It is f requently suggested that small savings in the journey time of one mode relative
to another cannot be readily perceived, and therefore that the value placed onunit

time in such circumstances is lower than is generally the case. This idea was originally

envisaged for differences in the total time taken between modes. In view of our argu-

ment that the different components of journey time - walking, waiting, in-bus, in-caf,

etc., - are each separately and normally differently valued (and of the practical con-

firmation of this result from the Leeds data set), the idea that total time is what mat-

ters is no longer tenable. If, for example, an individual normally pays twice as much

to save time travelling by bus as he pays to save time travelling by car, then in the

situation where he is faced with a choice of a bus journey or a car journey of practi-

cally the same duration, he will not suddenly, because the differences between the two

times are negligible, be equally happy to spend his time travelling by either mode. This

is no more than the reiteration of the argument in section 1.2 that one pays not so

much to save time as to save time in a particular activity, and therefore that the valua-

tion of the difference in times spent in different activities is not a meaningful concept.

If, therefore, the idea that small time savings have a lower proportional valuation is to

be seriously' investigated we must look at small time differences between travel choices

for each separate activity involved. This raises considerable difficulties in the situation

where, for example, the only in-vehicle component of one choice is travelling by bus

and the only in-vehicle component of the other is travelling by car. In such a situation

we simply have no small time savings to consider for either in-bus or in-car travelling.

All we may look at are small time savings for waiting time and walking time and even

this can normally be done only when the in-vehicle components of both choices are

public transport.

fusuming then that data is available in which the information necessary for the inves-

tigation of hypotheses about small time savings exists in theory there remains the

practical problem of analysis. The only possible first approach is the stratification of

the data by the size of the difference between modes in the relevant component of

time. Separate analyses may then be carried out for each stratum, and some appro-

priate test devised to determine whether or not the resulting variations in the value of

time (for that component) could have occurred merely by chance. (The construction

of a formal test would be difficult, however, and an examination of the confidence

limits in each stratum might well be sufficient.) If a significant variation were found

more formal experiments might then be devised seeking the exact nature of the rela-

tion between the duration of the time and its valuation.

We have already indicated that the confidence limits for the values of time inherent

in the data sets currently available are so wide that no accurate estinlation is possible.

Conficlence limits derived from subsets of these sets would be even wider, and there-

tbre inference about small time savings is currently quite inlpossible.
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A P P E N D I X  7

IMPLICATIONS FOR MODAL CHOICE MODELLING

The main objective of this study has been the derivation of methodology for estimating
values of time. Nevertheless, this has been achieved by modelling traveiers, mode choice,and the study has yielded some interesting insights inio modal choice modelling itself.Two of these insights are presented in this appendix.

The models discussed in this report have represented the traveller as choosing the modethat minimizes his generalized cost. The generalized cost of a mode has been represented
by :

7i_ = g l l i *

where 7.. is the generalized cost to individual i of mode m;
4* is a vector of times and costs of mode m if used by individual i;
oi is a vector of weights attached to the times and costs by individual i.

Two specific problems arise when we seek to apply these models in a general transportplanning context. These are first, that in this context data will usually be available only
in aggregate form and, second, that we often wish to predict the behaviour of travellers
confronted by more than two choices. We took at each of these problems in turn and
explain how the methodology described in the main part of the report can be used to
throw light on them.

1. Application to Aggregate Data

Themode lscons idered in th iss tudyof  the form (1)  havea l lowedtha t thevar iab le  e
should be distributed over different individuals. We have supposed, however, trrJirr"'
variables x are known and fixed for each individual. When we come to pretiict he
behaviour oT a group by aggregating the behaviour of individuals it is necessary to ac-
knowledge that the 4- variables generated by transportation planning modejs are at
best the mean values fiii that group.

The distribution of each x- within a group presents considerable problems, as tire
component variables are of different kinds and subject to different influences. For
example, bus waiting times have skewed distributions, and the distributions of walking
times to bus stops will depend on the distribution of houses and workplaces relative
to the routes.

To simplify the problem, however, it is not unreasonable to assume: first, that the
distribution of each 7m over individuals in a group is normal (appealing to the central
lirnit theorem); and sedbnd, that its mean is g"- =;,;_ where a is the mean of. a
, t td,  tn. . is the mean. for the group of x, , '  .  TrrEn r* i ' ] iv individual i "  t rr .  g.o"p i r1"
probability of choosi'g one of two alternative modes isgiven by

P r { m o d e  I  c i r o s e n }  =  p r

= N

where N is tlie cumulative ftrm of the normal distribu
variance l.

( l )

( 2 ,  - 2 ,  (  o )

/-e-q.---\
\*(zr -"v)% I
tion with mean

(2)

0 and
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Pr{mode I  chosenl= A(+ -$- ! \ * )  (3)

This is, of course, a genentization of the moder ur.o iYtfi" r{fir(hJra )#(-,"r" 
*"

wrote a'x for (e, -er), and derived var(7, - l) to be x'Zx, where (a,E) are
the parameters of the multivariate-normal distribution of the generalized cost weights
a .

As in the main study we can use the logit approximation to the normal distribution.
Tlr is approximation gives us

The remaining analytical problem of aggregation, therefore, is that of estimating the
variance of the generalized cost difference between the two modes. In the main study
this variance arose solely because of different weights a attached to travel times and
costs by different travellers, but here, in considering aggregate data, we have the fur-
ther variances of the times and costs themselves. The variance of the generalized cost
difference may be computed from a full statement of all the distributions involved.
Such analysis is outside the terms of reference of this study, and is likely to prove
awkward.l

Tire probability statement (3) covers only the situation of choice between two modes.
We now turn to the problem of multiple choice between, for example, several modes.
We show that the obvious extension of the logit function requires additional and
implausible assumptions not consistent with the utility-maximizing approach, which
we argued in Cirapter 2 to be the only model that is both economically and behaviourally
sound.

2. Extension to More Than Two Choices

In extending our modelling to cover situations where the traveller has a range of choices,
we must be careful to distinguish between a 2-choice situation, although each choice
may involve more than one mode, and a true multiple choice situation, where the tra-
veller selects one of a number of exclusive choices. In a previous LGORU study
(reference l7) it was shown that in a multi-mode situation 'trips' could be defined,
each possibly made up of several modes, and that ordinary 2-mode choice models
could reasonably be used to predict choices between two such trips. On this basis
the models already proposed in this study could be applied in a multi-modal context.
We now go on to consider choice between a number of possibilities, which for con-
venience we shall call 'modes', but which can be generalized to cover many combina-
tions of modes, sub-modes, routes or even destinations.

Most researchers studying these multiple choice situations have used the n-dimensional
logit model:

P* ,  =  o t "P  
( -  g* ' )

,i=, "rp G e,', )
(4)

A possible simplifying assumption would be to take constant values of e.t, . . .. . . , o. over the
population and the distribution of x , to be independent of that of xr. Then, with the in-
c lus ion n Trof  an independent ly  d is i r ibuted b ias a,  (xr1=0.*r ,  J  l ) ,  we would have

va r  f r  - 72 )  =  va r  s . t  1a '  ( € t  +  Z r )a

where a is the mean of q and Xrr.,is the covariance matrix sf Im.
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giving the probability p*, of choosing mode m', where g_ is a measure of the
generalized cost of mode m. The model used in the main study is the particular case
of (4) with n = 2, generalized to take account of the different variances in generalized
cost for individuals in different situations.

The statement (4) is commonly derived by appealing to Luce's Axiom (the indepen-
dence of irrelevant alternatives). This is taken as implying for modal choice that the
ratio of the probabilities of an individual choosing a given pair of modes is independent
of the cost distribution of every other mode. Predictions derived from (4) will auto-
matically satisfy this condition.

Throughout this study we have insisted that the only valid models of modal choice
are those that are consistent with every individual maximizing his perceived utility.
Hence any statement such as (4) must be capable of being derived from a utility-
maximizing formulation of choice of the form:

m o d e = m ' : 7 _ , ( ?* for all m

wlrere 7* is the generalized cost of mode m as perceived by the individual. At least
one of the conditions that must be satisfied by the class of distributionr o1 7* that
lead to the probability statement (4) is so implausible as to cast doubts on the validity
of (4) itself.l

It can be shown that for (4) to follow from a utility maximizing model, it is necessary
that the variance of the generalized cost difference between two mode" is constant fo'

all pairs of modes. (This would follow if, as in the Weibull example ( r ), 51s generalized
costs were independent with equal variance.) Stated analytically, the condition is:

v a r ( 7 _ - T * , ) = k  m * m '  ( 7 \

This requires that when a traveller considers two modes (or sub-modes, routes, etc.),
the variance between their generalized costs introduced by his individual valuation is
independent of the modes considered. This condition is intuitively implausible, and is
in fact incompatible with some of the results suggested in the main part of this study.

For example, to take a case of three modes: bus, train and car. It would seem more
reasonable to suppose that the bus and train, being public transport modes, would be
viewed as being more directly comparable to each other than to the car. That is, we
suggest that in general the distinction between the public modes is more exact than
that between public and private, where the decision may be more strongly influenced
by factors other than times and costs.

To be more specific, in the individual choice model investigated in the main part of the
study, we have

var (g ,  -Ez)  =  { {  - l i i  >  (x ,  -x r )  (8 )

where Lt, Lz are the vectors of times and costs for the modes for the individual, and
X is the covariance matrix of the time and cost weights. From this equation (8) we
can see that the more similar the time and cost vectors for a given pair of modes, the

I We do not know at present how many distributions this class contains. There is at least one,

vu: if we take the distributions of 7,n to be the independent Weibull distributions:

,  P, . {  r<.*} .1. .*p(-ec-- , ) .  (p) .
then it can be shown that ttie probiibility of 7*i being the smallest is indeed given precisely

by (a ).tWe do not know whether any other distributions have this precise property. It is cer-
tainly true however, that many distributions o; ?m can lead approximately to (a).

(s)
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less will be the variance of the generalized cost difference. Comparing bus and train,
both involving walking and waiting, the variance will be less than comparing either
mode with car, which usually involves little walking and no waiting. This argume't
reinforces the intuitive reasoning of the previous paragraph and leads us to regard
condition (7) as implausible.

The extreme example of the failure of condition (7) is flre notorious red bus/blue
bus anomaly.l In this case we have the cost difference between two of the modes
precisely zero, with variance also zero, and the application of the logit model (4)
or other simple 'market shares'models will not work.

In the light of this reasoning, we reject the logit model as a general predictor of choice
between more than two modes.

However, as we stated above, the logit model is usually derived by appealing to Luce,s
Axiom' This is commonly interpreted as meaning that the ratio of ttre protluiuties
of an individual choosing a given pair of modes is independent of the cost distribution
of all other modes - i.e. the ratio of these probabilities is the same as would be given
by a 2-mode choice model. With this interpretation, the arguments advanced in the
main study for the 2-mode logit model would also lead us io the multiple logit model
(4).

But, as we have seen, the use of the multiple logit for modal choice is implausible, and
we are therefore led to question the application of Luce's Axiom. Implicit in our
arguments against the multiple logit model was the relevance of other modes to the
choice between a given pair. We now note that the Axiom merely requires independence
of irrelevanl alternatives, and that it therefore does not apply to mode choice modelling,
where the alternatives are in general highly relevant.

To sum up, therefore, we are recommending the extension of the utility-maximizing
approach, which we have applied to choice from two alternatives, to multiple choice.
Although this approach leads naturally to the logit formulation in the case of choice
from two alternatives, it does not, as we have seen, lead to the simple generalization (4)
in the case of multiple choice. Instead, it is necessary to hypothesize realistic generalized
cost distributions and derive from them the probability that each mode has the least
cost' The distributional parameters may then be calibrated by appropriate statistical
methods, analogous to those used in the 2_mode case.

The anomaly supposes that there exist a red bus mocle and a car mode with equal generalized
costs and 50:50 modal split.The, ingenious bus operator paints half his buses blue, thus
creating three modes with equal generalized costs, predicting 33:33:33 modal split, and
33 per cent rise in his revenues.
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